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Abstract

The formula of the type z™ {Kwrm(z) - K,,m(z)} = Z;’;j)l ¢;z7 K, +;(z) with exactly cal-

culated coefficients ¢; is proved together with similar formulas for J,(z) and I,(z).

application to the Bessel kernels G, () is given.
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Let

N (2/2)* R 70
Tolz) = Z(_l)kklr(k —orpy L= ; KIT(k+ v+ 1)

be the well known (see e.g. [1]-[3]) Bessel and modified Bessel function and

™

K,(z) =

I_,(2) — I,(2)],v #0,£1,...

sin vm

the McDonald function (defined as Ky(z) = lim, .y K,(z), N =0,%1,---

integer values of the index).

in case of



The recurrence relations

Z[J,,,l(z) + Jy+1(2)} =2vl,(2), z[[l,,l(z) — y+1(2)] =2wl,(z2), (1)

p [Kyﬂ(z) - Ky_l(z)} — WK, (2) 2)

are well known, see e.g. [1], N 8.471.1, N 8.486.1 and N 8.486.10.

The aim of this note is to give an exact generalization of these relations to the case of
the shifts v &+ m of the index v.

The formulas (3)-(6)given below are direct generalizations of (1)-(2), and it seems that
they should be known. However, we failed to find anything of such a kind in the literature
we know on special functions. We arrived at a necessity to use such relations in some
inversion problems for potential type operators, see [4].

Theorem. Let v € C. Then for any m = 1,2,3, ... the relations hold

2™ [me(Z) } m_l )" I- lb ()7 Kuﬂ( ) (3)
2™ [Iu—m(z) - [V+m(z)] = Tilbm<j)zjju+j(z> ) (4>
zﬂﬁwwwwAWL%@ﬂ=i1 Pba(i)# s () )

where

2" (5)
Fv+j—m+1)

T;)V(V— D..(v+j—m+1)=Tr+1)

boti) =24 (6)

Proof. The relation (3) with the coefficients (6) is valid in the case m = 1 by (2). For
m > 1 it will be proved by induction. But firstly, we pass to the case m = 2 to explain how
we arrived at the expression (6) for the coefficients. To iterate the formula (2), we write

2 [Kysa(2) = Kopa(2)] = 2 [Kaa(2) — Ko (2)] + 27 [Ko(2) — Kooa(2)] - (7)

We apply (2) with v replaced by v+ 1 in the first brackets in the right-hand side and with
v replaced by v — 1 in the second ones, and get

2 [Kyia(2) = Kosa(2)] = 22 [(v + DKo (2) + (v = DK (2)]

Substituting here zK,_1(z) by its expression from (2) (with v itself this time!), we arrive
at
2K, y0(2) — Ky_o(2)] = 42K, 1 (2) — 2%v(v — 1)K, (2)

which is nothing else but (3) with the coefficients (6) in the case m = 2.



Now we suppose that (3) is valid for some number m and all values of v. Considering
the left-hand side of (3) of order m + 1, we represent it similarly to (7) as

2t [meﬂ(z)—[(,,,m,l(z)} = My [Ky+m+1(z)—[(y+m,1(z)] tzam [K,,,Hm(z>—zg,l,m(z)]
(8)

Since the formula (3) with the coefficients (6) is assumed to be valid for all v, we may use

this formula in the second term in the right-hand side of (8) with v replaced by v —1, while

the first term may be treated by the formula (2), with v replaced by v + m. As a result

we obtain

m—1
Lml [Ky+m+1(z) — Ky_m_l( )} = 2(1/ + m)z KV_,_m + r Z m j—ldjzjKV_l_,_j(Z) ,
7=0
where we have denoted
v+jg—m

dj=2mj(m)(v—l)(v—%---(vﬂ—m)= b ()

] 14

for brevity. Now we lift the order of the McDonald functions in every term in the sum
Z;.n:_ol by means of the formula 2K, (2) = —2vK,(z) + rK,41(z) which is the same as
(2). We obtain

Jm [K,,+m+1(z) - Ky_m_1<z)} = 2y + m)2" Ky s (2)

m—1 m—1
+2) (=) + ) Ky (2) + D (=)™ T K (2)
=0 =0

We change the summation index j by j — 1 in the second of these sums and note that
2(v + j)d; + dj—1 = bis1(j)
which is checked directly. Hence
P [Ky+m+1(z) - Ky_m_l(z)] — 2Ly — 1) (v — m) K, (2)

Z )" 7b m+1(J )zjKV+j(Z) +2v(m + 1)2" K,y m(2) Z ) 7b m1(J )ZjKIH-j(Z)
Wthh is the right-hand side of (3) exactly for the order m + 1. The formula (3) has been
proved.

The proof of the formula (4) follows exactly the same lines and therefore is omitted. The
formula (5) is an immediate consequence of (4) because of the relation I,,(z) = e~ "2 J, (iz)
between the Bessel and modified Bessel functions.

bt 3" Koo (|2])
217% n—a (|TL
Ga(I) = T o 2n—a (7)
m2I(5) >
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be the Bessel kernel well known in the theory of function spaces of fractional smoothness,
see e.g. [5], Section 27, being the Fourier transformation of the function (1 4+ |z]?)~%:

eixf
—dx
(1+|zf?)2

Corollary. Let —n < Ra < n+ 2m. Then the following relation holds for the Bessel
kernels

CORNCEN

Y (1 (@) Crtasan(€) = (=1)"an(@)[€*Griom-a(§) . (10)

m
k=0

where

amk(a):a(a—2)---(a—2m+2k+2)(n+a(n+a+2)---(n+oz+2k:—2)(m) =

and

In particular, in the case m = 1 we have

2'7°T (%52 4+ 1)

r(9)

aGnia(§) = (n+ @)Griasa(§) = —

lg‘aGn+2fa(€) :

To get (10) from the formula (3), we choose v = § in (3) and calculate 2/ K, ,;(z) =
z*%z%ﬂK%H(z) in terms of G,4q42; according to (9) in the left-hand side of (3); as for
the right-hand side of (3), we replace similarly 2™ K,,_,,(z) = 22 zm_%Km_% (2). After easy
calculation of constants we arrive at (10).

Remark. The relation of the type (10) is of importance in application to inversion
problems for the Riesz potential operator, see [4].
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