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We show that the Riesz fractional integration operator I%() of variable
order on a bounded open set in 2 C R" in the limiting Sobolev case is
bounded from LP()(Q) into BMO(Q), if p(z) satisfies the standard log-
condition and «(z) is Holder continuous of an arbitrarily small order.
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1. Introduction

We consider the Riesz fractional integral

0= [ ve®

of variable order, on an open set 2 C R™ in variable exponent spaces
LPO)(Q). For the theory of these spaces we refer to the papers [4], [5], [L1]
and the book [3].
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In [7] it was proved that the Sobolev type theorem on the boundedness
of the operator 1) on bounded sets €, from LP()(Q) to LI0)(Q), where
1 1 a(x)
= - and supa(x)p(z) <n
@ P ep iple)
holds for exponents p(x), 1 < p_ < p(x) < p; < oo, with the log-condition
under the assumption that the maximal operator

Mf(w)Zigg% / FWldy,  Bler) = Ble,r) N,

B(z,r)

is bounded in LP()(Q2). The boundedness of the latter for log-continuous
exponents was later proved in [2].

For unbounded domains the variable exponent Sobolev theorem is known
for constant «, see Theorem 6.1.9 in [3].

Meanwhile a question of interest in the variable exponent setting is to
cover the case where

a(z)p(z) = n.
In the case of constant exponents, it is known that the Riesz fractional
integration operator acts in this case from LP to the space

BMO = {f: M*'f € L*}, | |fllsmo = [ M*flloo,
where

S E(r) — suny L ~ I
M) = s ) / 10~ Tptan

B(z,r)

dy,

. . . . 1 .
is the sharp maximal function and fé(:c,r) = Ban) fé(u’vﬂ“) f(z)dz. This

goes back to a result in [I3], where it was given in convolution terms; for
weighted versions of such a result for Riesz potentials we refer to [6].

In this note we show that the LP() — BMO-boundedness holds also in
the variable exponent setting when «o(z)p(z) = n, at the least in the case
of bounded sets (2.

Observe that the case of unbounded sets needs special treatment not
only because of the known problems related to infinity well known in the
variable exponent analysis, but also by a reason which goes back to the
case of constant exponents. Even when « and p are constant, the operators
Jo f@)|ly — x|*" on an unbounded set € is not well defined by this direct
definition (as an absolutely convergent integral) for all the functions on the
whole space LP(£2) when ap = n since (n — a)p’ = n in this case, although
it may be treated as a continuous continuation from a dense set in LP, as an
operator acting from L? to BMO. The operator may be also treated in this
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case via distributional interpretation. Since Schwartz test function space is
not invariant with respect to the Riesz fractional integration, other space
(known as the Lizorkin test function space, see Chapter 2 of [10]) is used.
In [9] there was shown that the Riesz fractional operator I of functions
f e LP(R") with a > %, interpreted in the distributional sense is a regular
distribution. More precisely, any distribution I*f,0 < a < oo, generated
by a function f € L,, 1 < p < oo, is a regular distribution and even belongs
to L};’C(R”). Besides this, finite differences of the distribution I*f are well
known to be better globally defined on LP(R™), which in a sense is reflected
in the BMO-language for the range I*(LP(R"™)) when ap = n.

2. Preliminaries

Recall that the variable exponent Lebesgue space LP0)(Q) is defined as
the space of measurable functions f : 2 — C such that

p(z)
dr <1 ) < 0. (2.1)

. f(z)
. = f : —_—Y
[ flpcr () :=1inf § A >0 / ‘ i\
0

The local log-condition well known in the variable exponent analysis
has the form

1
forall z,ye€Q with |z—y|< 3 (2.2)

where A > 0 does not depend on x and y. In case of a bounded set 2 the
condition (2.2)) may be also equivalently written in the form

NA
lp(z) — p(y)| < N r,yeQ, N =2diam Q. (2.3)
n—
[z—yl
The condition
A
ple) ~p(00)| < s €D (2.4

in case of unbounded sets, is known as the decay condition.
We always assume that

1 <p- <px) <psy <oo. (2.5)

3. Theorem on L”()(Q) — BMO-boundedness

Let

MO (@) =sup——e [ 17wl ay

r>0T
B(z,r)
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be the variable order fractional maximal function. In the following lemma
a set 2 is admitted to be unbounded, but the main statement in Theorem
[B.1] relates only to bounded sets.

LEMMA 3.1. Let the exponent p satisfy the conditions (Z2) and (2.3).
In case Q is unbounded we also suppose that (2.4) holds and p_ = p(c0).
Then
MO fll ooy < ClF Nl ooy
for any measurable function (3(x) such that
n
—— < B(z)

p(z)

when 2 is bounded, and

n
—— < fB(z) < )
@) =P < 5
when ) is unbounded.

P r o0 o f. By the Hélder inequality for variable exponents, we have
MPO f(z) < sup Tﬁ(z)_nHXB(z,r)HLP%)(Q)HfHLpM(Qy
It is known ([8], Theorem 2.21; see also [12]) that

||XB($,7‘)||LP’(')(Q) < C?“m, (3'1)

when €2 is bounded, and

”XB(x,,«)HLp/(A)(Q) < Crer@
when (2 is unbounded, where

_fplx), if0o<r<i
m@%—{mm;ifrzL
see Corollary 4.5.9 in [3]. Therefore,
MOF@y<C  sup TV ] Lo
0<r<diam 2
when €2 is bounded, and

MPO) f(z) < Csup P
r>0

n+—2—
@ || fll o) (@)
when € is unbounded. Hence the statement of the lemma follows. O

By H*(Q) we denote the space of functions f on (2 satisfying the Holder
condition: |f(z)—f(y)| < Clz—y|}, 0 < XA < 1. Let H(Q) = Upcr<1 HA(Q).
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THEOREM 3.1. Let 2 be a bounded open set and p satisfy the con-
ditions in (2.2) and (2.5]). Let also o € H(Q2). If a(x)p(x) = n, then the
Riesz potential operator is bounded from LP()(Q) to BMO().

P r oo f. Suppose that f(z) > 0. We continue the function f as zero
outside 2 whenever necessary. For r > 0 we split the function f as f(z) =
fi1(z) + fa(z), where

f1(2) = f(2)XB@2r)(2),  fa(2) = f(2)Xo\B(z,2r) (2)
and then

1°Of(y) = IO f1(y) + 1°0 foly) =t Fi(y) + Fa(y).

Estimation of F(y):
When y € B(x,r), we have |x — y| < 3r for z € B(z,2r) so that

n a(y)
nw < [ L85 < TE Miw) <o)

ly—z|<3r
for y € B(x,r), by the well known inequality. Then

1 / _

g | Bwdzoe@ [ s

|B(z,r)|
B(z,r) B(z,r)

We apply Holder inequality and obtain

1 / _
TBI Fi(y) dy < Cr*O ™" xpamll oo Ml oo
[B(,7)] e ’
B(z,r)
whence by (B) and the boundedness of the maximal operator in LP()(Q),
see for instance [I], we get

1 a(z)—n+—=
Bem / Fi(y)dy < Or" " G| £l ey = Cl Al (3:2)
B(z,r)

Estimation of F5(y):

We denote
Gom- [ L

_ Z|n—a(m)
O\B(z,2r)
and have

1 1
y— 20 o= 2w

RG)-ol=| [ 1) 2|,

whence
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1 1
F: — < _
RO ol [ WOl - e
Q\B(z,2r)
1 1 dz =G G
+ |f(2)] T - T 2 =: G+ Gs.

Q\B(z,2r)
To estimate GG1, we use the inequality

o™ = b7 < |y| - la —b|(min{a,b}) ", a>0,b>0, y€Q, (3.3)
and observe that |y — x| < r and |z — y| > 2r imply |z — 2| < 3|y — 2|, so

that
|f(2)|dz
Gl S C|$ - y| / |33 _ z|n_a(w)+1

oo Q\B(z,2r) | ( )|
f(2)|dz
= C|x - y‘ Z / |x _ Z‘n—a(z)—i—l ’
F=1p (4 2010\ B(z,2%7)

By the inequality
f(z)dz < gn—al(@)

|x _ Z‘n—a(z)—i—l - r

MO f ()
B(z,2r)\B(z,r)
valid for 0 < a(z) < n, we get

L= al- af-
61 < VMO (@) < M0 £ ) Pl
Therefore,
1G1llzee < Clfll Loy @) (3.4)
by Lemma [3.7]
For G5 we use the inequality

min{a,b} if 0<t<1
“ oy ¢ . i <
t—¢ ‘ <la—1b| pmax{ab} if p >

and obtain

Ga<la@ -atl [ 1G] (- + ) 4

ly — 2[nmeW)  y — fnele
Q\B(z,2r)

Since |y — z| > §|a: — z| and Q\B(x,2r) C Q\B(y,r), we obtain

G < Cla(z) — a(y)| / @l / |lef(ﬂ

‘y _ Z‘n—a(y) _ Z|n—a(m)
Q\B(y,r) O\B(z,2r)
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=: Cla(z) — a(y)[[H(y) + H(z)].
Since y runs the ball B(z,r) centered at x, it suffices to deal only with the

term H (y).

Let § € (0,p— — 1) be a small number. We apply the Holder inequality
with the variable exponent ps(z) = % and have

XQ\B(y,2r)
_ < _ _DWET)
a(e) = a(u)H() < Cla(a) ~ a0 | 225205 .
The estimate
néd nd

XQ\B(y,2r)
ey

is valid ([7], Theorem 1.8). Therefore,

la(z) — a(y)|[H(y) + H(z)] < C sup |a(z) —aly)lr 7.
|lz—y|<r

Which provides the boundedness of |a(z) — a(y)|[H(y) + H(z)] provided
a(z) has the corresponding Holder property. Since ¢ may be chosen arbi-
trarily small, it is sufficient to suppose that « is Holderian of an arbitrarily
small order.

Taking also the embedding || f| ;) < C||f||1r() into account, we ob-
tain

1GallLe < Clfllzee- (3.5)
Consequently,
[1F2 = cpllizee < Clfllpocr- (3.6)
by B.4) and (3.3)).
It remains to gather the estimates (8:2)) and (3.6)). O
References

[1] D. Cruz-Uribe, L. Diening and P. Héstd, The maximal opera-
tor on weighted variable Lebesgue spaces. Fract. Calc. Appl. Anal.
14, No 3 (2011), 361-374; DOIL: 10.2478/s13540-011-0023-7; at
http://link.springer.com/journal /13540/14/3/

[2] L. Diening, Maximal function on generalized Lebesgue spaces LP().
Math. Inequal. Appl. 7, No 2 (2004), 245-253.

[3] L. Diening, P. Harjulehto, Hasto, and M. Ruzicka, Lebesque and Sobolev
Spaces with Variable Exponents. Springer-Verlag, Lecture Notes in
Mathematics, Vol. 2017, Berlin, 2011.


http://link.springer.com/journal/13540/14/3/

8 S. Samko

[4] V. Kokilashvili, On a progress in the theory of integral operators in
weighted Banach function spaces. In: ”Function Spaces, Differential
Operators and Nonlinear Analysis”, Proc. of the Conference held in
Milovy, Bohemian-Moravian Uplands, May 28-June 2, 2004. Math.
Inst. Acad. Sci. Czech Republic, Praha.

[5] O.Kovacik and J. Rakosnik, On spaces LP(*) and W*P(*). Czechoslovak
Math. J. 41, No 116 (1991), 592-618.

[6] B. Muckenhoupt and R.L. Wheeden, Weighted norm inequalities for
fractional integrals. Trans. Amer. Math. Soc. 192 (1974), 261-274.

[7] S. Samko, Convolution and potential type operators in LP®) | Integr.
Transf. and Special Funct. 7, No 3-4 (1998), 261-284.

[8] S. Samko, Convolution type operators in LP®) | Integr. Transf. and Spe-
cial Funct. 7, No 1-2 (1998), 123-144.

[9] S. Samko, On local summability of Riesz potentials in the case Re a
0. Analysis Mathematica 25 (1999), 205-210.

[10] S. Samko, Hypersingular Integrals and their Applications. Taylor &
Francis, Series ”Analytical Methods and Special Functions”, Vol. 5,
London-New-York, 2002, 358 + xvii pages.

[11] S. Samko, On a progress in the theory of Lebesgue spaces with variable
exponent: maximal and singular operators. Integr. Transf. and Spec.
Funct. 16, No 5-6 (2005), 461-482.

[12] S. Samko, Weighted estimates of truncated potential kernels in the
variable exponent setting. Compl. Variabl. Ellipt. Equat. 56, No 7-9
(2011), 813-828.

[13] E.M. Stein and A. Zygmund, Boundedness of translation invariant
operators on Holder spaces and LP-spaces. Ann. of Math. (2) 85 (1967),
337-349.

Universidade do Algarve
Campus de Gambelas
Faro 8005, PORTUGAL

e-mail: ssamko@ualg.pt Received: November 12, 2012

Please cite to this paper as published in:

Fract. Calc. Appl. Anal., Vol. 16, No 2 (2013), pp. XXX—XXX;
DOI:10.2478 /s13540-013-0023-x



[

VERSITA J/ ractional Calculus
& /r\pplied Chnalysis

An It ternational Journal for Theory and Applications

VOLUME 17, NUMBER 1 (2014) (Print) ISSN 1311-0454
(Electronic) ISSN 1314-2224

REMARK

REMARK TO THE PAPER OF S. SAMKO,
“A NOTE ON RIESZ FRACTIONAL INTEGRALS

IN THE LIMITING CASE «(z)p(z) =n”,
FROM FCAA, VOL. 16, NO 2, 2013

Stefan Samko

Abstract

We improve the formulation of the main statement in the paper “Note
on Riesz fractional integrals in the limiting case a(x)p(z) = n”, published
in this journal, Fract. Calc. Appl. Anal., Vol. 16, No 2 (2013), DOL:
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Theorem 3.1 in the above cited paper has a cumbersome formulation
where the exponents a(z) and p(x) are related to each other by the relation
a(z)p(r) = n and the assumptions on p(x) were formulated weaker than
for a(x), while they are immediately inherited from the above relation.

The formulation of Theorem 3.1 in that paper should be replaced by
the following.

THEOREM 3.1. Let 2 be a bounded open set and p is log-continuous
and 1 <p_ <p(x) < p;y < oco. Let also a(z) be Holder continuous (of an
arbitrarily small order). If a(x)p(x) > n, then the Riesz potential operator
is bounded from LP1)(Q) to BMO(Q).

(© 2014 Diogenes Co., Sofia
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@ Springer
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Clearly, some disadvantage of this reformulation is that at the points
x €  where it may be a(z)p(x) > n, we expect that the Riesz fractional in-
tegral behaves better than just a BMO function, being there locally Holder

n
continuous of order a(z) — . However, the advantage is that with this

p(z)
reformulation we should not require that p(z) must be Hélder continuous.

Universidade do Algarve
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e-mail: ssamko@ualg.pt Received: October 29, 2013
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