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We study variable exponent Campanato spaces LP)A) (X) on spaces of homogeneous
type. We prove an embedding result between variable exponent Campanato spaces. We
also prove that these spaces are equivalent, up to norms, to variable exponent Morrey
spaces LPOA) (X)) with A\, < 1 and variable exponent Hélder spaces H)(X) with
A_ > 1. In the setting of an arbitrary quasimetric measure spaces, we introduce the
log-Hélder condition for p(x) with the distance d(x,y) replaced by uB(x,d(x,y)), which
provides a weaker restriction on p(z) in the general setting and show that some ba-
sic facts for variable exponent Lebesque spaces hold without the assumption that X is
homogeneous or even Ahlfors lower or upper reqular. However, the main results for
Campanato spaces are proved in the setting of homogeneous spaces X. Bibliography:
34 titles.

1 Introduction

We study variable exponent Campanato spaces .ZP():A0) (X)), where the underlying space X
is a quasimetric measure space. In most of the results, we suppose that X is of homogeneous
type. Campanato spaces are well known in the case where p and A are constant and in the
Euclidean setting (cf., for example, [1]-[3]). The investigation of variable exponent Lebesgue
spaces LP()(X) and the corresponding Sobolev spaces W™P()(X) was intensively studied during
the last decade. For the progress in this field and related topics of harmonic analysis and operator
theory we refer to the surveys [4]-[7]. The investigation of variable exponent Morrey spaces was
recently started in [8]-[10], where the boundedness of maximal, singular, and potential type
operators in such spaces was studied.

In this paper, we consider variable exponent Campanato spaces over spaces of homogeneous
type. We start with an embedding statement for such spaces. Making use of a modified Diening
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inequality, we prove the coincidence of variable exponent Campanato space, up to equivalence of
norms, with variable exponent Morrey spaces (when sup, A(z) < 1) and with variable exponent
Holder spaces (when inf, A(z) > 1).

The assumptions on the exponents are standard within the framework of variable exponent
spaces, namely, p and A are assumed to be log-Holder continuous. Note that we introduce the
log-condition in a form weaker than usual (cf. (2.18)), which allows us to formulate some facts
for inhomogeneous spaces.

Note that a similar coincidence of variable exponent Campanato spaces with Morrey or
Holder spaces within the framework of Fuclidean spaces with the Lebesgue measure was recently
shown in [11], where there was introduced the concept of p(-)-average of a function f in a set
E, which is an extension of the average function. This p(-)-average was fundamental in proving
one of the coincidences. Our approach is different and covers the setting of quasimetric measure
spaces.

In the case of constant p, there are also well known generalized Morrey—Campanato spaces
(cf., for example, [12]-[15]), where r~* is replaced by a function ¢(r), or more generally, by
o(z,7) subject to some assumptions. In the case of variable p(x), such generalized Morrey
spaces were studied in [9, 16]. We do not touch such a kind of generalization for variable
exponent Campanato spaces in this paper.

We introduce the notation:

dx denotes the diameter of a set X,

A ~ B for positive A and B means that there exists ¢ > 0 such that ¢c'A< BK CA;
B(z,r)={y € X : d(z,y) <1},

1
][f )du(y) = fr denotes the integral average of f, viz., () /f(y) du(y)
,u

¢, C' denote various absolute positive constants which may be different even in the same line.

2 Preliminaries on Variable Exponent Spaces
2.1 Spaces of homogeneous type

Given a set X, a quasimetric is a function d : X x X — [0,00) which satisfies the usual
metric axioms with the triangle inequality replaced by the quasitriangle inequality

d(w,y) < 2d(x,2) +d(=,y)l, 2> 1 (2.1)
where x,y,z € X and £ is often called the quasitriangular constant of d. We assume that
d(z,y) = d(y, x).

Two quasimetrics d and d’ on X are equivalent if d(x,y) ~ d'(z,y) for all z,y € X.

Let p be a positive measure on the o-algebra of subsets of X which contains the d-balls
B(x,r). Everywhere in the sequel, we suppose that all the balls have finite measure, i.e.,
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uB(z,7) < oo for all z € X and r > 0, and the space of compactly supported continuous
functions is dense in L'(X, p).

We say that a measure pu is lower Ahlfors a-reqular if
uB(x,r) = cr® (2.2)

and upper Ahlfors B-regular if
uB(z,r) < er”, (2.3)
where «, 8, ¢ > 0 are independent of x and r. If @ = 3, the measure p is called Ahlfors a-regular.
The condition
uB(x,2r) < 2uB(z,7), 2 >1, (2.4)
on the measure p with 2 independent of z € X and 0 < r < dx, is known as the doubling
condition.

The triplet (X, d, 1), with u satisfying the doubling condition, is called a space of homoge-
neous type. This notion sometimes is introduced in a slightly more general way (cf., for example,
[17]). Balls in a general space of homogeneous type are not necessarily open, although there
exists a continuous quasimetric d’ equivalent to d for which every ball is open.

Iterating the inequality (2.4), we obtain
uB(x, R) <9 (R
uB(y,r) r

for all d-balls B(z,R) and B(y,r) with B(y,r) C B(x,R), where N = logy, Z is called the
doubling order of u. We will also mention (2.5) as the doubling condition.

N
), 0<r<R, (2.5)

From (2.5) it follows that every homogeneous type space (X,d, ) with a finite measure is
lower Ahlfors N-regular.

In some results, we need the following condition.
1 (B(x, R\B(z,1)) > 0 (2.6)

forallz € X and r, Rwith 0 <7 < R < dx.

The validity of the reverse doubling condition, following from the doubling condition under
certain restrictions, is well known (cf., for example, [18, p. 269]). Since there are various for-
mulations of this result, we give the one more suited for our purposes (cf., for example, [19,
p. 13)).

Lemma 2.1. Let (X,d, u) be a space of homogeneous type. If (2.6) is valid, then the measure
u satisfies the reverse doubling condition

55((5,’;)) <(z) (27)

forallz € X and 0 <r < R <dx, where C,vy > 0.
Remark 2.2. Note that the condition B(z, R)\B(z,r) # (), valid under the assumption

(2.6), is also fulfilled under the assumption that X is connected and B(z, R)¢ # &, as shown in
[19, Proposition 3.3].

Note that the reverse doubling condition (2.7), together with ;X < oo, implies that dx < oo
and the measure u, is upper Ahlfors v-regular.
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2.2 Variable exponent Lebesgue spaces

2.2.1 Definitions

Let p be a p-measurable function on X. In main, we assume that

1< p- <plz) <py < o0, (2.8)
where p_ := essinfp(z) and py := esssupp(z), but sometimes admit the range
reX rxeX
1< pz) < . (2.9)

In the case 1 < p(z) < oo, we denote by LP()(X) the space of all y-measurable functions f

on X such that
) I\ f()
o (5)= 13
X

for some A = A\(f) > 0. Endowed with the norm

1) = inf {A >0: 170 (‘};) < 1}, (2.11)

this space is a Banach function space (cf. [20, 21]). We have the following relation between the
modular (2.10) and the norm (2.11):

p(y)
du(y) < oo (2.10)

1£12 < POGF) < 112 (2.12)
where
py i [[fllpey <1, p— i [[fllpey <1,
=" Pe) and ro (2.13)
p— i [[fllpe) = 1, py if [[fllpe) = 1.

We denote by p/(+) the conjugate exponent

with the usual convention that p’ = oo when p = 1. The Holder inequality is valid in the form

1

1
)Z (@)l duz) < (p n m) T (2.14)

If uX < oo and 1 < p(x) < g(r) < ¢ < oo, we have the embedding
LIO(X) < LPO(X). (2.15)

In the case of an unbounded exponent p(-), the norm in the variable exponent Lebesgue
space is introduced as follows:

[l e (xy = 1l zeer e\ x o) + 1l Loe (00 (2.16)
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where X = {x € X : p(x) = oco}.

For the basics of the theory of variable exponent Lebesgue spaces see [21, 22].

2.2.2 On log-condition on quasimetric measure spaces

The standard local logarithmic condition on quasimetric measure spaces (X, d, p) is usually
introduced in the form

C 1
Ip(z) — p(y)| < 7 dz,y) <, wyeX, (2.17)

= —Ind(z,y)’
where C}, > 0 is independent of x and y (cf., for example, [23, 20]). The condition (2.17) is
also known as Dini-Lipschitz condition, weak-Lipschitz condition or even log-Holder continuity
condition.

We denote by 221°8(X) the set of all y-measurable functions satisfying the log-Holder con-
tinuity condition (2.17).

In the context of general quasimetric measure spaces, we find it more natural to introduce
also such a log-type condition in terms of measures of balls than in terms of distances. Namely,
we introduce the class 2,°8(X) of functions p : X — [1,00) satisfying the condition

1p() — p(w)] < 4 (2.18)

S In MB('T’ d(.%', y))

for all x,y € X such that pB(z,d(x,y)) < 1/2. This is a weaker assumption on p(z) than (2.17),
as can be seen from Lemma 2.3. Note that from the assumption d(z,y) = d(y, z) it follows that
(2.18) is equivalent to its symmetrical form

Ip(e) — ply)] < 4 4

S B dy) T - lnpBly.d(,y)) (2.19)

The log-condition in form (2.18), coinciding with (2.17) in the Euclidean space, is more
suitable in the context of general quasimetric measure spaces, not only because it is weaker than
(2.3), but also because in some statements it simultaneously allows us to put less restrictions on
the (X, d, pt), not requiring its homogeneity or even the lower Ahlfors condition (cf., for example,
Lemmas 2.4-2.6).

Lemma 2.3. If (X,d, ) has the lower Ahlfors property, then

P8(X) C PIE(X). (2.20)

Proof. Letr = d(x,y) and uB(x,r) < 1/2. Then from the lower Ahlfors condition we obtain
1 o
In I T —InuB(z,r)’

cor

where ¢ > 0 and o > 0 are constants from (2.2), from which the statement in (2.20) follows. | |
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Lemma 2.4. Let (X,d, ) be a quasimetric measure space with finite measure, and let p €

P8(X). Then
)
O~ uB(z,r) < (uB(z,r))r® < CuB(z,r) (2.21)
for all z,y € X such that y € B(x,r), with the constant C' > 1 independent of x, y, r.

Proof. By the fact that X has finite measure and p is bounded from below, it suffices to
check (2.21) only for small r, for example, for r such that pB(z,r) < 1/2. The relation (2.21)
is equivalent to the inequality

p(z) —p(y)

() In[pB(z,r)]| <InC, (2.22)

which immediately follows from the condition p € @L()g (X) for all r > d(z,y). ||

We will also need the following estimate.
Lemma 2.5. Let (X,d, ) be a quasimetric measure space with finite measure, and let p €
PP9(X). Then
1
IXB(.m | Lrer (x) ~ (uB(@, 7)) 7. (2.23)

Proof. The inequality
1
IXBG lp) < C(uB(z,r))r@

was proved in [23] and [8] under the conditions that (X,d,u) has the lower Ahlfors property
and p € 2'°8(X). The analysis of the proof in [8] shows that it is also valid under the only
assumption that p € W}fg(X ). Note that this inequality holds even if p(x) may be unbounded.

To prove the inverse inequality, by the definition of the norm, we just need to show that

there exists A > 0 such that
0) < x6@n() ) > 1, (2.24)
A(uB(a,r)rt

which easily follows from (2.21) by integrating over X\ X, with obvious estimation over Xo,. ||

2.3 Variable exponent Morrey spaces

Let A be a pu-measurable function on X with the range in [0, 1]. Following [8, 10, 24], we
define the variable exponent Morrey space LP)A()(X) as the set of all integrable functions f on
X such that

1

e / W) dp(y) < oc. 2.25
(f) zGX,E>0 (MB(.CU,’I“))A(@ s |f(y)| M(y) ( )

We recollect here some basic facts from [8]. Note that the presentation in [8] was given in the
Euclidean setting, however the basics we present here are valid within the framework of general
quasimetric measure spaces.
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The norm in the space LP()A() (X)) can be introduced in two forms

[fll1 = inf {/\ >0 : [POAO) (ﬁ) < 1} (2.26)
and .
_ Az
||f||2 = Sup (MB('%" 7’)) »() fXB(z,r) (227)
zeX,r>0 10)

which coincide for every f € LPOAC) (X) (cf. details in [8] in the case of Euclidean space
together with the Lebesgue measure; the proof remains the same for an arbitrary quasimetric
measure space). Therefore, we can define the norm in the variable exponent Morrey space as

1Al zeer a0y = [1F 1 = [1F 112

As in the case of variable exponent Lebesgue spaces, we have some relation between the
norms (2.26), (2.27), and the modular (2.25); namely,

715 < P20 () < IAIF, G=1.2, (2.28)
where 6 and o are defined in (2.13).
Let p € ngg(X ). Then the above norms are also equivalent to the norm

_ Ma)
||f||2p(~>,x(->(x) = ES)}1P>O(NB(937T)) p(®) ”f”LP(')(B(z,r))‘ (2.29)

The following embedding was proved in [8, Lemma 7] in the case of Euclidean space endowed
with Lebesgue measure and in [24, Proposition 1.3] within the framework of spaces of homoge-
neous type, but the analysis of the proof in [8] and [24] shows that this embedding holds under
the assumptions of Lemma 2.6.

Lemma 2.6. Suppose that (X,d, ) is a quasimetric measure space with finite measure,
D,q € W}Pg(X), 0< Az) <1, and 0 <v(z) <1. Let also 1 < p(x) < ¢(x) and

1— A=) S 1—V(.%')‘

pa) © q) (2:30)
Then
LIOVO) (X)) s LPOA) (X)) (2.31)
In the theory of variable exponent Lebesgue spaces, the Diening inequality
p(z)
< F 17w dy) < c<1 + f P dy> (232
B(z,r) B(z,r)

plays a role of the Jensen integral inequality. It is valid whenever the exponent p satisfies the
log-Holder continuity condition (2.17) and

/ F)PW dy < 1.
B(z,r)

In the following lemma, we observe that this inequality holds in a more general form and within
the framework of quasimetric measure spaces.
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Lemma 2.7. Suppose that (X,d,pn) is a quasimetric measure space with finite measure
satisfying the condition (2.6), 0 < A(z) <1, and p € ;@}fg(X) satisfies (2.8). Then

p(2)
< f If(y)ldu(y)> <c(1+ f If(y)lp(y)du(y)> (2.33)

B(z,r) B(z,r)

for all z € B(x,r) provided that
Il reaox) < 1.

Proof. The estimate (2.33) is obvious when puB(z,7) > 6 > 0. Therefore, we consider only
those x and r for which uB(z,r) < § < 1, where § will be chosen sufficiently small later. Let

. =p(z)= inf p(t).
Pr = pr() tegéx’r)p()

We apply the Hélder inequality with the exponent p, and get

p(2) p=)
< f f(y)du<y>> <( f f(y)’”dﬂ(y)> |
B(z,r) B(z,r)
Hence
p(2) , o
( f If(y)ldu(y)> < " <uB<x,r>+ / |f<y>|prdu<y>> |
B(=z,r) (uB(z,7)) »r yEB(z,r)
[f(y)|>1

Since p, < p(y) for all y € B(x,r) and p is a bounded function, we obtain

p(2) e
< ][ |f(y)|du(y)> <C(uB(x,r))ngi)()‘(””)_l)(WB(JU’;))I M)
B(z,r)

p(2)
pPr

1 p
e | VR du(y)>

B(z,r)

The expression in the parenthesis on the right-hand side is less than 1 for sufficiently small &,
which implies

p(2)
( ][ f(y)du(y)> <C<1+ ][ |f(y)|P<y>du(y)>(MB(x,r))W)1>($31).
B(z,r)

B(z,r)

It remains to show that
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which is easily obtained in a similar way as in the proof of Lemma 2.4, because there always
exists a & € B(z,r) such that

p(&r) —prl < |InpB(z,7)|

We then have

[pr — p(2) || In uB(z, )| < (Ipr — p(&)] + [P(&) — p(2)| + [P(2) — p(2)]) |In pB(z, )| < C.

The proof is complete. [

2.4 Variable exponent Holder spaces

We also deal with variable exponent Holder spaces H*()(X) (for more details on H*()(X) in
the Euclidean setting cf., for example, [25]-[29], and for Holder spaces H® within the framework
of metric measure spaces (X, d, ;1) with constant exponent « cf., for example, [30]-[33] and also
[34] for the case where X is a compact manifold).

Let a(x) be a p-measurable real-valued nonnegative function on X. We say that a bounded
function f belongs to H*()(X) if there exists C' > 0 such that

f(z) = f()] < C - d(w,y)m>tetoha)}
for every x,y € X. This space is a Banach space with respect to the norm

[ lracr ey = 1 lzee + L gy

where

‘_ |f(z) = f(y)l
LfJa() o x,S;GI;( d(ﬂj7 y)max{a(x)’a(y)} '

3 Variable Exponent Campanato Spaces

3.1 On equivalent (semi)norms

Let A be a p-measurable function on X with the range in [0,00). We define the variable
exponent Campanato space LP)A) (X) as the set of all integrable functions f on X such that
1

_gP()AC) = su / — JB(z,r P g < 00, 3.1
()= S (uB(x,r))Mx)B( )’ﬂy) f@n|" dp(y) (3.1)

where fp(, ) is the integral average of a function f on B(z,7).

We endow the variable Campanato space with the seminorms

1LF15) = inf {n >0 gPOAC) (i) < 1} (3:2)
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and
_ (=)

215 = sup |[(uB(,7) "0 (f = fon) XBG)
zeX;r>0

(3.3)

Lr(O)(X) '

When no confusion arise, we simply write |f]; and |[f]2 to avoid, as much as possible,
cumbersome notation.

As in the case of variable Lebesgue space, we have some relation between the functional (3.1)
and seminorms (3.2) and (3.3). We follow [8] in the proof of the following lemmas.

Lemma 3.1. Let (X, d, p) be a quasimetric measure space. For every function f € LPOIAC) (X)

L] <P () < L7 i=1,2, (34)
where
9_{P+ if Lfli <1, _{p if |f]i <1,
= and o=
p— ?’f ijz>1> D+ ?’f ijz>1>
Proof. Let
. 1 f(y) - fB(x,T) Pv)

Fyr(n) = (B 1))\ / ’ . du(y)- (3.5)

B(z,r)

We note that for fixed (x,r) € X x (0,dx) the function F} ,(n) is continuous and decreasing
inn € (0,00). We have

sup  Fy (1) = 57020 (1), (3.6)
zeX,r>0

By the definition of seminorm | f];,

sup Fp,(Lf]1) =1 (3.7)
zeX,r>0

The relation (3.4) with ¢ = 1 follows from (3.6), (3.7), and the monotonicity of Fj ,(n).
In the case i = 2, we define
_ M=)
bar() = (B, )0 (FO) = Fim ) X -
By (2.12) and (2.13), we have

[6er Ollpy < P (000 () < e O,y
if

and similarly in the case [[¢z(-)[l,) < 1. Taking the supremum with regard to x and r, we
obtain the desired result. ||

Lemma 3.2. Let (X,d,p) be a quasimetric measure space. Then for f € £POA0) (X) we
have

Lf]r = Lf]e
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Proof. We have

[fla= sup {par>0: Fpr(pizy,) =1},
zeX;r>0

where F;, .(-) is the function defined in (3.5). By F ,(iz,r) = 1 and the inequality Fy ([ f]1) <1
which follows from (3.7) we obtain
Lfle < L]
in view of the monotonicity of F ,(n) in 7.
The other inequality follows since, by (3.4), we have

p_

LAt Lf <l
i< qlfle i Lfh=2L1fla <L

Lfly i [fli=1[fle>1.

f f
Lf]2 Lf]2

is proved. [

Substituting f by , we find { J < 1, which gives the opposite inequality. The lemma
1

We now define the variable exponent Campanato norm.

Definition 3.3. The variable exponent Campanato space ZP():A() (X) is endowed with the
norm

11l pora0rx) = 1 LA + 11l (3.8)
Since |-]; and |-]2 coincide, we can take either | f|2 or |f]1 in (3.8).

We can also introduce the Campanato seminorm in the form

() _ - M=) _
* ij )\() - :):Ei(u;E>O(MB(I7 T)) p(@) Hf fB(z,r) HLP(')(B(x,T)) . (39)

The seminorms .| f| and | f ]2 are equivalent for p € ;@L()g(X ). Correspondingly, we can also
deal with the norm

1m0 ) = LR + 1l o, (3.10)

not distinguishing between (3.8) and (3.10) when p € Q}fg(X).

3.2 Imbedding theorem
Theorem 3.4. Let (X,d,pn) be a quasimetric measure space with finite measure, and let A
and v be nonnegative bounded functions. If p,q € @LOg(X), 1 <p(z) <q(x) < g < o0, and

1-=Xz) _ 1—v(x) (3.11)

WV

then
pa()wv() (X) = _#P()A() (X). (3.12)
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< C with some C' > 0 independent of f
whenever .#90)70) (£) < 1, or equivalently 1| f j )) < 1.
By the Holder inequality with exponent p1(-) = q(+)/p(-),
/ ‘f(y) - fB(:): r) ‘p :U’( ) CHXB(:E,T)Hle() ||(f() - fB(z,r))p(.)XB(x,r)||p1(-) : (313)
B(z,r) U, (f)
By Lemma 2.5,
IXB@m lp; ) < CuB(,r)\ 9@/ (3.14)
For the other norm, we have the estimate
. () _a(y)
Vo (f) =inf S0 > 05 [ 150) = om0 duty) <1
B(z,r)
V(x)P(m)
< AP (pB(z, 7)) a@, (3.15)
where A > 1 is the constant (independent of x, y, ) from the inequalities
-1 v(z) v(z)p(x) v(x)
A (uB(a,m) ) < (uBla, ) 40 < A(uB(e,r)) 10 (3.16)

obtained in a similar way as (2.21).
Using (3.14) and (3.15) in (3.13), we obtain

P(e) () Nz
(,uB(:U,r))—A(a:) / |f(y) — fB(x’T)|p(y) du(y) < C(uB(x,r))q(@( (x)—1)+1-X(z)
B(z,r)

which implies (3.12) in view of the inequality (3.11).

3.3 Coincidence of variable exponent Campanato spaces with variable
exponent Morrey spaces in the case A\, <1

We start with the following lemma. Recall that the modulars #P()A0) (£) and 1POAC) (f)
were introduced in (3.1) and (2.25).

Lemma 3.5. Suppose that (X,d, ) is a quasimetric measure space with finite measure
pE @}fg(X) satisfies (2.8), and 0 < M(x) < 1. For f € LPOAO) (X)) such that IPOA0) (£) < 1

P (1) < O[O (F)+ sup (uB(x,r))' )],

zeX,r>0

(3.17)

where C' is independent of f and x.

Proof. We have

1
jp(')7)‘(') = su / _ . p(y) d ]
(N= sw peope | TW = feen™ )

B(z,r)
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By the inequality
(a+Db)P < 2P 1 (aP 4 bP),

we have

f O] due)

B(z,r)

p(y)
} dp(y).

In the second term, we use the Diening inequality (2.33), which is possible since

2P+71
jp()v)‘() g su / p(y) +
) acGX,E>0 (uB(x, r))A(I)B( | |f(y)]

POAO (£) <1

yields
1l ror a0 x) < 1.

As a result, we obtain

1

2,7)) @ / |f(y)|p(y)dﬂ(y)+(,U«B(I?r))l)‘(9«”))'

ST (F) <O sup (( B(
7
B(z,r)

zeX,r>0

Hence (3.17) follows. I

Corollary 3.6. Suppose that (X,d, ) is a quasimetric measure space with finite measure,
pE W}Pg(X) satisfies (2.8), and 0 < A(x) < 1. Then

LPOA0) (xX) <5 gPOAO (X)) (3.18)

Proof. It suffices to show that

11l greraio ) o= Iflls + LF 1 <€

for all f such that [|f|[»0)a0)(x) < 1. By (2.31), the inequality [|f|[zr < C|[fllgpc)r0)(x) follows
from (2.31) and the estimate of the seminorm | f |; follows from (3.17). ||

To prove the other embedding, we need some auxiliary assertions.

Lemma 3.7. Let (X,d,u) be a quasimetric measure space with finite measure. Then there
exists a constant C such that

1
uB(z,p Azx) + (uB(z,0 Az) \ p@) .
‘fB(x,p) - fB(I,O')‘ <C <( ( )) /LB(.CC (U) ( )) ||f||$p(-),/\(')(x) (319)

forallx € X and 0 <o < p <dx.
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Proof. By Lemma 2.5,
HfB(x,p) - fB(ZL‘,O')HLp('>(B(1;’o')) = ‘fB(m,p) - fB(x,o)’ ||XB($,U)||LP(')(X)

1
Zc ‘fB(z,p) - fB(x,o‘)‘ (MB(:U> U)) P,

Hence
c
‘fBz, _fBa:,a‘g ||fB:):, _fBz,O' ||L () (B(z,0
(z,p) (z,0) (MB(%U))Z)&) (z,p) (z,0) 11 LP() (B(2,0))
c
< 1 (Hf — IBa.o) lor) B0y T 1 — fB(z,p)HLp(-)(B(gc,p)))-

(nB(z,0))r®
By (3.9), we arrive at (3.19). ||
Lemma 3.8. Let (X, d, u) be a space of homogeneous type with finite measure, and let \ be

a nonnegative real-valued function with Ay < 1. Then there exists a constant C = C(p, A, D)
such that

. Aa)—1 ML LN 1A @)
[/ Bar) = [B@r/2m)| < ClFl gm0 a0 0 (B2, 7)) P Z 97 »@ (3.20)
=0

for all (x,r) € X x (0,dx), where Z is the constant from the doubling condition (2.4) and
N =logy 7 is the exponent from (2.5).

Proof. By Lemma 3.7,

1
| B2ty = FB@rson| SOOI 3 - IF 000 x): (3.21)
where FITI o
(uB(z, 7 /28N 4 (B2, r /28))A®)

puB(x,r/2k+1) (3-22)

@r,k,x,)\ =

This expression may be estimated as follows:
oo TR NN A@)Y o
O/ < (uB(z,r/24h)) e (14 22)) v

1 A=)  1-A(z) 1=A(z) Az)—1
< 2P- Pr(=) @ p@) 2"V bz (uB(z,7)) »@

1—X(z) Az)—1

<c- 9™ @ (uB(z,r)) r@ (3.23)

where the first inequality comes from the doubling condition (2.4) and the second one is obtained
from (2.5) with N =log, Z.

Then from (3.21) and (3.23), for £ =1,2,... we obtain

. BN 1A @) Az)—1
[f B2ty = FB@r20)| < Clfgponon? ™ *@ (uB(z,r)) »@ (3.24)
where C is independent of k. Summing over £ =0,1,...,m — 1, we obtain (3.20). [
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Lemma 3.9. Suppose that (X, d, p) is a space of homogeneous type with finite measure, the
condition (2.6) is satisfied, and X is a nonnegative real-valued function with Ay < 1. Then
there exists a constant C = C(2,p,\) > 0 such that for any f € LPOA0) (X)) and all (z,p) €
X x (O,dx)

Fen] < 151+ ClE im0 ) (1B (@, )00, (3.25)

Proof. Fix f € 2?20 (X) and p € (0,dx). For a constant a > 2, which will be deter-
mined later, we choose m € Ny such that

dx dx
am+1 < p< am’
We have
‘fB(x,p)| < |fX‘ + |fX - fB(x,dX/am)‘ + ‘fB(z,dx/am) - fB(x,p)|'

By Lemma 3.7 applied to |fg(z.dx /am) — fB(z,p)|, We obtain

Az) !
N Az)—1 MB(:U,dX/am) p(x)
|fB(ac,dx/am) - fB(z,P)‘ < CHfop(.),,\(.)(X)(/LB(I,p)) p(@) <1 + < ,LLB(:L’,,O)
(3.26)

and the quotient of the measures in (3.26) is uniformly bounded by the doubling condition (2.5)
and the relation between p and dx /a™.

Since fx = fB(z,dy) for all z € X, we can apply Lemma 3.8 to |fp(.dy/am) — fx|, which
yields

1—X(z)

. ro-1 g™V pw)
[fB(@dx jam) = IX] < CIf I gnerae ) (0B, dx)) @ NS
p(z —
S —

[

Az)—1

where the second inequality comes from the reverse doubling condition (2.7). Taking a” > 2V,

Az)—1
we see that ca”"’ »(® is bounded, which gives (3.25). ||

Lemma 3.10. Let (X,d,u) be a space of homogeneous type with finite measure. For all
feLYYNX) and all 2,y € X there exists a constant C = C(D, \) such that for r = 2.2d(z,y)
(where 2 is the constant from (2.1))

Fatem — Fa0] < CIF e o (B, /)7 4 (uB(y,r) 071,

Proof. Let Y, := B(x,r) N B(y,r). We have
r
B (:U, 22) Cc Y, C B(z,r) (3.27)

which implies
u(t) = u(B(x.,),)) = Cu(Ba.r).
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where the last inequality comes from the doubling condition (2.5). It is obvious that
u(Yr) = Cu(B(y,r)).
For t € T, we have
/B = FBwn| < |fB@r = FOI+ 1) = faen]- (3.28)
Integrating (3.28) with respect to the variable ¢ over Y,, we obtain
B = FBwnl(0r) < I Mpao o0 LB, )N + (uB(y,r) @]
which implies the required assertion. [

We are now in position to prove the coincidence of the spaces LP()AO)(X) and £P()AG) (X)),
up to the equivalence of norms, in the case where \(x) does not attain the value 1.

Theorem 3.11. Suppose that (X,d, p) is a space of homogeneous type with finite measure,
pE @}fg(X) satisfies (2.8), and A is a nonnegative real-valued function with Ay < 1. Then

LPOAC) (X)) 22 [POAO) (X)),

Proof. We need to prove that
cllflzeeao o S I zeera0 ) < 2llflzema0 x)- (3.29)

In view of Corollary 3.6, it suffices to prove the left inequality in (3.29). By the definition of
the norm in (2.29), we need to estimate || f{| () (p(z,))- We have

1l ey (B@ry S I = B o) (B@r) + 1 fBEm)] - IXB@) lpe)-

Using the estimate (2.23) and the inequality (3.25) in the last term, we obtain

_ A=)
(uB(@,r)) P | fll 1oe) (Ba )

1-X(z)

. A(z)—1 N
<ty + CuBla ) 7 (1] + (B ) 5 o )

which implies the left inequality in (3.29). [

3.4 Coincidence of variable exponent Campanato space with variable
exponent Holder spaces in the case A\_ > 1

Note that the assumption A_ > 1 in Theorems 3.14- 3.16 below yields in}f{ a(x) > 0 for the
T
resulting exponent a(x).

We need the following two lemmas. The first lemma is a counterpart to Lemma 3.8.

Lemma 3.12. Let (X,d,pn) be a quasimetric measure space satisfying the reverse doubling
condition (2.7) (by Lemma 2.1, it holds if (X,d, p) is homogenous, X has finite measure and
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the condition (2.6) is fulfilled), and let A be a bounded real-valued function with \_ > 1. Then
there exists a constant C = C(p, A\, ) such that

)\(z) m-l oy 1A

/By = FBGar/2m)] < CU I gnerne ) (0B, 7)) 7 Z PARE ) (3.30)
0

for all (z,r) € X x (0,dx), where ~y is the exponent from the reverse doubling condition (2.7).

Proof. Let O, , \ be as in (3.22). We have

A(z)—1 1 1—X(x) Alz)—1
@f(,:)“ (uB(z,r/251)) 2@ (14 2@ < 025 o0 (uB(z, 7)) #) (3.31)
where the second inequality comes from the reverse doubling condition (2.7). By (3.21) and
(3.31), for k =1,2,... we get

1—X(z) A(z)—1

* k
|fB(z,r/2k+1) - fB(z,r/Zk)‘ < C||f||$p(‘>v)\(')(X)2 R (MB('T’T)) p(z) (332)

where C' is independent of k. Summing over k = 0,1,...,m — 1, we obtain (3.30). [

In the following lemma, we use the notation
SA\) ={z € X : \Nx) =1},
XsAN)={zeX:Az)=>21+0}, d>0.

Lemma 3.13. Let (X,d,pn) be a quasimetric measure space satisfying the reverse doubling
condition (2.7), and let A be a real-valued bounded function with values in [1,00). If pS(A) =0
then for every f € 270, ()( ) there exists a function f defined on X such that f is equal to
f almost everywhere on X and

lim fBzr :f(.CU)

r—0+

for all x € X\S(\), where the convergence is uniform on every bounded subset of X5(\) for
every fized 6 > 0.

Proof. The fact that

rgr(l)lJrfoT :f(.CU)

almost everywhere in X, is the content of the well-known Lebesgue differentiation theorem (cf.
[17, p. 17]).

Let us now prove the uniform convergence of fp(; ) with respect to z € X;5. We fix r €
(0,dx). By Lemma 3.12 and the reverse doubling condition (2.7), for x ¢ S()\) we have

C N o M@
| fB@r/2m) — [Blay/2mta) < 1o I gperne ) (0B, m/2™)) »@
1—27 »@
C . m,y<1f)\(z)) Az)—1
< o) - Mmoo 27T @B ) Ho (33)

I
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where the constant C is independent of z, m, ¢. From (3.33) we see that the sequence
{fB(@,r/2m) foe=1 is & Cauchy sequence uniformly in x on every set X;. Let

f(l’) = lim fB(zﬂa/Qm), reX.

m—o0

The function fiS well defined in the sense that it is independent of r since for any 0 < s # r < dx

| fB.sjam) — F@)| < fBarszmy — F@)] + | FB@r/am) — FB@.s/2m)]
S Ol gverne )Tt + 1 Bar/2my = FB(2,5/2m)
< Ol fIgnerae ()1 + 12), (3.34)
where I; comes from (3.33) and I is given by

A(z)—1

I < C(uB(z,r/2™)) r@ pB(z,r/2™)

(min{ﬂB(ﬂ% r/2m), uB(z, 8/2m)}> -

A(z)—1

+ C(uB(z, 5/2™)) o pB(w,5/2")

P(lz)
min{uB(r,r/2m), uB(x, s/2m)}
due to Lemma 3.7 and the monotonicity of measure.

Since I tends to 0 as m — oo because of the reverse doubling condition (2.7), (3.34) tends
to 0 as m — oo uniformly in x € Xs. Therefore, f is the uniform limit of any sequence of type
{fB(z,s/2m) }rn=1, uniform in z € X5, where s is an arbitrary real number in (0, dx).

Letting m — oo in (3.30), we obtain

A(z)—1

B = F@I < CIf I pmorno 0 (B, r) 7@, @€ Xs (3.35)

which uniformly tends to zero as r — 0 by the reverse doubling condition. [

In the following assertions, we prove the equivalence between variable exponent Campanato
spaces and variable exponent Holder spaces whenever the exponents p and A\ are log-Hdlder
continuous.

Theorem 3.14. Suppose that (X, d, p) is a space of homogeneous type with finite measure,
p € P8(X), and X is a bounded real-valued function with A\_ > 1. Then

HYO(X) o 2P0A0) (X)) (3.36)

if a satisfies the log-Holder continuity condition (2.17) and o(z) > N

Proof. Let f € H*(-)(X) be such that || f|| ge(.)(X) < 1. We only need to prove that
11 zeera00x) < C- (3.37)
It suffices to check that | f]* < C since

1 fllz1xy < uX[fllLex) < C.
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Since the case r > 1/2 is obvious, we only consider the case r < 1/2. We have

1 = il oo < f FO) = £ dp(t)
B(z,r)

LrCO)(B(z,r))
<| S OO g1 duge (3.38)
B(z,r) LrC)(B(z,r))
Since
[f ey (x) < 1,
from the log-Holder continuity of a, Lemma 2.5, and the lower Ahlfors condition we get
||f - fB(z,r)HLP(')(B(x,r)) < CTa(I) HXB(x,T) ||LP(')(X)
(@) g WL
< Cro@ (uB(a, 1) < CuB(,) '~ tolr,  (3.39)

which proves (3.37). I

Theorem 3.15. Suppose that (X, d, p) is a space of homogeneous type with finite measure,
the condition (2.6) is satisfied, p € P'°8(X) satisfies (2.8), and X\ is a bounded real-valued
function with A_ > 1. Then

LPOA) (X)) s HOO(X) (3.40)
Alx) —1
if a satisfies the log-Hélder continuity condition (2.17) and a(x) < 7y (Z()x)
Proof. It suffices to prove that
a(s)
28 X)) < HUO(X) (3.41)

since
PPN (X)) o5 21 L x)
by the embedding (3.12).
a(:)
Let f e 2" + TH(X). To prove the estimate

Lflaey < CISIF (3.42)
Z

a(+) )
L7y +1(X)

we proceed as follows. By Lemma 3.13, when 1 < A_, we can take fvinstead of f. Assuming
that d(x,y) is small and r = 22d(x,y), we then have

1f(@) = F < 1F(@) = faen| + f@r — faem] + 1F @) = faen)]

a(=) a(y)

<O o,y [wB(,r) » + (uB(y, 1) > ]
285 (x)
<ClfI a(a) 4 yoly)
Hf”yl’ Oy, (r rWw))

< C * i rmax{a(x),a(y)}’
Hf”yl’ D1y
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where the second inequality comes from (3.35) and Lemma 3.10, the third inequality comes from
the fact that p is upper Ahlfors «-regular, and the last inequality is obtained from the fact that
« is log-Hélder continuous.

To estimate the essential supremum norm on X, we observe that for any fixed 0 < r < dx
1l e (B < If = FB@MILoBE@r) + 1 /B Lo (B@m)- (3.43)

The estimate

1B Lo (B < Il (wB(@,r) ™!

is obvious. For the other norm we have

17 = foten ey < || F 1660 = FOIu0)
B(z,r)

Lo°(B(z,r))

N

F e 1), au(e

B(z,r)

< COLfagys
L= (B(z,r))

where C'is independent of r, but depends only on dx and «4.. Collecting (3.43) and the estimates
obtained for || - ||, and taking r = dx, we find

1fllzoexy < C (IflLrxy + L lagy)
which, together with (3.42), gives us (3.41). I

Theorem 3.16. Suppose that (X, d, p) is a space of homogeneous type with finite measure,
p € P2 (X), X is a real-valued function with \_ > 1, p is Ahlfors Q-regular, and \ satisfies
the log-Hdlder continuity condition (2.17). Then

#P():AC) (X) = HO‘(')(X)7 (3.44)

Az) -1

where a(x) = Q ()

Proof. The assertion follows from the embeddings obtained in Theorems 3.14 and 3.15. | |
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