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Abstract

We show that Riesz-type potential operators of order a over uniform do-
mains 2 in R” map the subspace H3(Q) of functions in Holder space H*(Q)
vanishing on 0, into the space H (Q), if A\ + a < 1. This is proved in a
more general setting of generalized Holder spaces with a given dominant of
continuity modulus. Statements of such a kind are known for instance for the
whole space R™ or more generally for metric measure spaces with cancellation
property. In the case of domains in R™ when the cancellation property fails,
our proofs are based on a special treatment of potential of a constant function.

Keywords: potential operators, Holder space, generalized Holder space, uniform
domains
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1 Introduction

Mapping properties of potential operators within the frameworks of Holder spaces
are well studied in the case of the whole space R, see for instance [15], Theorem
25.5, in the case of spherical potentials, see [13], Theorems 6.37 and 6.38, for more
general setting of generalized Hélder spaces on sphere we refer to [17], [18], [19], [20].
Such mapping properties are also known in the general setting of metric measure
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spaces X, see (2], [3], [4], [5] under the assumptions that X satisfies the so called
”cancellation” property. In cases where the potential of a constant function on X
is well defined, this cancellation property means that the potential of a constant is
constant. This property was also used in the recent paper [12], where there were
admitted potentials of variable order a(x) with possible degeneration: a(z) =0 on
a set of measure zero.

The cancellation property holds in the cases X = R" and X = S"! but it is
very restrictive in applications, never being valid for domains 2 in R". As shown
in [9], the Riesz potential of order o € (2,n) of a constant on a convex bounded
domain 2 is constant even only on the boundary O0f) if and only if €2 is a ball; the
same being also valid for o = 2 without the assumption on convexity, see [1]. To
this we have to add that the potential of a constant on a ball is constant on the
boundary, but is not constant in the ball, see Subsection 2.1.

In general, statements of the type

IS HMNQ) — HM(Q)
for the potential operator

ar . [ _JTWdy
IQf(x) T Q/ |JZ _y|n_a

may not be valid for domains, since potential of a constant behaves like [§(z)]* near
the boundary, where §(z) is the distance to the boundary, and consequently is a
Holderian function only of order a. However, one should expect that there should
be valid a statement

IS - Hy(Q) — HY(Q) (1.1)

for the space Hy () of functions vanishing at the boundary. Such mapping is known
in the one-dimensional case and goes back to Hardy and Littlewood, see for instance
[15], Corollary 1 on p. 56.

To our surprise, we did not find any multi-dimensional result of such a kind in
the literature. The goal of this paper is to fill in the gap. We show that a mapping
of type (1.1) (and more generally, for spaces of the type H“(£2)) holds at the least
for the so called uniform domains (known also as satisfying the banana condition).
The obtained results are based on the properties, near the boundary 02 of €2, of the
potential of a constant function, that is,

d
JQ@({E) = /W, x € Q. (12)

To show a typical behaviour of Jg o(x) near the boundary, in Section 2 we start with
the study of Jq () for balls, half-space and a quarter-plane.



2 Potentials of constant functions for special do-
mains

For a bounded, measurable set 2 C R" and o > 0 we define the potential Jg , by
d
Toaw) = [ gy = [ e (21)
Syl ey

Since Q) is bounded and |- [*~* € L} _(R™) for a > 0, this is well defined.

Further, for a measurable set 2 C R™ with a € (0,1) (or a > 0 if €2 is bounded)
we define the difference of the potential by

Ja.al(z,y) = Q/ (|$_1 ! )dz, z €R™. (2.2)

ey =2

If © is bounded, then Jo o(x,y) = Jou(x) — Jaa(y). However, if Q is not bounded,
then Jq,(x) may be not well defined. Nevertheless, Joo(z,y) is well defined (as
an L'-integral) also for unbounded €2, since z |a:—z1|”—°‘ — ‘y_zl‘n_a is in L'(R™) for
a € (0,1) due to the estimate

1 1 [z —y|
< n+l—a

1
— < for |z —y| < =]z — z|. (2.3)
o — 2"y — 2t |z — 2| 2

If @« € (0,1), then Joo(z,2) = 0, Jou(z,y) = —Jaa(y,2), Jrna(z,y) = 0, and
Joo(®,y) = —Jrma,a(x,y), where the first two equalities also hold for o > 0 if € is
bounded. Moreover, Joo(2,y) = Jou(x,a) + Jou(a,y) for all a,z,y € R™.

If © is bounded and « > 0, then Jg () is continuous with respect to z € R™ and
in general Jg ,(z,y) is continuous with respect to z,y € R™ when 0 < o < 1, which
may be easily shown by splitting Jq o(x+h) —Jq () into the integrals fQ\B(wm) with
small r > 0 and me(x’T). As a consequence y — Jo o(x,y) is continuous at y = .
A simple modification of the argument shows that this continuity also holds for €2
unbounded if a € (0,1). Using Joo(z,y + h) — Jou(z,y) = Jaa(y,y + h) and the
antisymmetry Jo o(z,y) = —Ja.a(y, x) it follows easily that Jo . (z,y) is continuous
with respect to z,y € R". However, Jo.(z,y) is better than just continuous, see
Lemma 3.1 in Section 3.

2.1 The case of balls

In the lemma below, we give an explicit formula for Jg, in the case of the ball
Q= B(0,a) :={y : |y| < a} in terms of the Gauss hypergeometric function F', by
means of which we show that

IB(0,a),0(®) = o+ ci(a—|z|)* + O ((a — |$|)“+1) for x € B(0, a) (2.4)

near the boundary 0B(0, a).



Lemma 2.1. Let 0 < a < n. Then

212 a® an—an |z
JB(0,0),0 =—~F|\—5 —F5—= B(0,a), 2.5
(@) = P (<5 PN ) preeBoe, @9
a—lp(n a—lp(n
and (2.4) holds with co = ;Ti(j% and ¢; = % Moreover,
JB0.a.a(®) = ci(a = |z)* +g(x)  forz € B(0,a) (2.6)

where g € Lip(B(0,a)).

Proof. There is known a general formula for the calculation of potentials over
balls for radial functions ([10]; it may be found in [15], p. 589), which gives

. 2
= _|po [ lR n—a &’1_g;2;t_ dt
2 272 r?
0
+/t°‘1F noag_anr) g,
2 2727 ¢2 ’

T

where r = |z|, but instead of calculating the integrals arising in this formula, it
is easier to make use of another representation of the potential of radial functions,
namely,

] g(lygﬁfi = gap2n (10% {3%71 ( I8 f*> (8)]) (r?), @7

ly|<a

where IO%+ and I(‘ji are left-hand sided and right-hand sided Riemann-Liouville frac-

tional integration operators of order § (see [15], formulas (2.17) and (2.18)) and

() = f(v/t) ([10], see also [15], p. 590). Thus for f(r) = 1 we have

2 a2
T szt dt
JB(O,a),a<x) = o n—c / —a dS/ —_a
r (5) r (T) ] (7’2 — S)l 2 / (t — S)l 2




which yields (2.5). To single out the behaviour of Jp(gq).«(2) as |z| = a, we make
use of one of the transformation formulas for the Gauss function, see [6], formula
9.134.2, and obtain

I'(5 29 an—ao |22
IB(0,0),a(T) = 2\(/2E){F(” a)F(—g, 5 ;1—a;1—?)

2

B

Hence

_ 270 (%) 1 1 (a® — |$|2)a a+l
JB(O,a),a(x) - ﬁ {F ( + T (u) (2(12)0‘ } + O ((CL - |‘T|) )

which proves (2.4). Relation (2.8) also provides (2.6) by analyticity of the Gauss
function. O

Observe that when « is variable, we can write

213 q*(*) a(r) n—a(z) n |z
— Fl - g < <
JB(O,a), (IE’) Oé(.flf) <%> < 9 9 19 42 ) ) 0< |ZE’| > a,
so that
S STOW
IB(0,a),0(T) ~ o) as = — I, :={z € B(0,a) : a(x) = 0}.

2.2 The case of the half-space

Let @ =R} = {x € R": x, > 0} be the half space. In this case the potential JRK,C“
is not well defined, since R’} is unbounded, but the difference Jgn o(7,y), see (2.2)
is well defined for o € (0,1).

Lemma 2.2. In the case of the half space R} = {x € R* : x, > 0} with
0 < a <1 the formula

Jrya(@y) = ca(a)(al —y)  for all 7,y € RY (2.9)

Feyale9) = [ 1AGe) = AGy.0)] . 2.10)



where

Az, t) = / S -
=P+ (@ — 1)
We have
Az, t) = / de = = Clz, — t]a_l,
el + (-2
where
P 2d
C = = |S,_ \/ i
) |s|2+1 (7 +

The last integral converges for a < 1 and is easily calculated:

n—3 L

o 0 n1\ T (Lza
/ r 2d:a:1/ Sdeazl/tHza(l—t)%gdtzr(z)fgz)-
ST 2 (1) 2 2r (232)

0

(2.11)
Hence N
c_"* (3%)

(%)

By (2.10) we obtain
o) = € Jimf (fe 1"~y 11

0

and an easy calculation yields (2.9). .

Remark 2.3. It follows from (2.9), Jrr o(2,y) = Jrr o(7,0) + Jrn o(0,y) and
ey a(@,y) = —Jrr o(2,y) = —Jrn o(2,9), where R? = {z € R" : z, < 0} and
T=(x1,...,0p_1,—x,) that

Jrra(,y) = coa)(sgn(zn)|zn|® = sgn(yn)lyal*), 0 <a <1 (2.12)

for all x,y € R™.

2.3 The case of the quarter-plane

Let now @ = R%, = {(z,y) € R? : z > 0,y > 0} be the quarter-plane. Again
R? . is unbounded, so we have to study the difference JRL’a(w,y) for a € (0,1),



see (2.2). We use the notation

o) — Gl ) // _ d&dn - //|§didz -~
0 O

Halt) = Gul (1, 00)) - / / =

Then
1
_tao// §2d5d77 /ga 1d£/ 1+n )z \2/;1?((2)%&'
(2.13)

by (2.11).

Lemma 2.4. Let Q =R%, and 0 < o < 1. The following representation holds

VAT ()

JR?H,a(xv?J) = ga(x) - goc(y) + 20T (2__a)

(27 + 25 — 9T —v3) (2.14)

2
forx,y € R7,

Proof. We have for z € R% |
0

son- | [t [t | T

—T1 —T2

= Ga(z) + Halr1) + Hal22).

and as a consequence

jRi+<x7y) = jR2++<x> (07 0)) + ijur((Oa O)a y)
= Go(2) — Ga(y) + Ha(z1) + Haolz2) — Haly1) — Ha(y2).
The claim follows with (2.13). O

To see the behaviour of G,(x) near the boundary, we will use an explicit ex-
pression for the G, (z,xs) calculated in [14] in terms of the Gauss hypergeometric
function. It has the form

lz|* [2g L, (1+a 3 a3 l+a 3 a2
alz) =— | —F Lo —— D22 55-0) ], @15
Gal2) 2 U9 g2 s 2 2 22 (2.15)

valid for 0 < a < 2, see [14], formulas (4.60) and (4.63). Note that in the case a = 1
we have ([14], formula (4.64))

gl(x)=|x!{xlln( ||)+x2 <1+|§2|)} (2.16)

7



In the case 0 < a < 1, formula (2.15) is also reduced to

"I‘a ﬁr (1—_04) zy 21 a z? a —« 3
Gul) = il Tl B (e g ) e P (14 52 -1 ),

« 2F( 5 ) A
2.17)
see [14], formula (4.66).
Lemma 2.5. The function G,(z) has the following structure
Galr) = ~[3(2))" + Uw), (2.18)

where §(x) = min(zy, xe) is the distance to the boundary of the quarter-plane,

U(x) = 2] tA(1), (219
where
t= maxé{fl), o} - \x|§(f)52(x) (so that t = i—; in the sector 0 < 1 < x3)
and
Al = éF (1;&’ X g; _tz) 3 . i (17 %; & - —tz) (2.20)

is an analytic function (for all t).

Proof. The function G, (z) is symmetric: G, (21, x2) = Go(x2,x1). Therefore, it
suffices to prove (2.18) for z; < x9. For z with 27 < x9, formula (2.18) takes the
form

Galw) = ~af + Ula),  Ule) =22 A (ﬂ) , (2.21)

T2 T2

which is nothing else but (2.17). O

Lemma 2.6. Let 0 < a < 1. Then U € H*(R2,), but U ¢ H***(R2%,) for
every € > 0.

Proof. Since U(z) is continuous in R | and U(z1, z2) = U(x2, 1), it suffices to

check that the function U(z) = [z|*Z.A (“) satisfies the a-Holder condition in the
sector {(z1,22) : 0 < 21 <y < 0o}. We have

A A - A ()l
To ") T Yo Y2

Since the function t.A(t),0 < t < 1, is bounded and differentiable, we obtain

U(z) = U(y)| < |lz]* = |y|°|

l’l_ﬂ

U(z) — U(y)| < Cllz|* = |y|*| + Cly|* % wl (2.22)




If |y| < |x —y|, the statement U € H* follows. Let |y| > |z — y|. From (2.22) we
obtain

(1 — 1) — yi(z2 — o)
T2Y2
[z =yl [y]
T2Y2 .

U(z) — Uy)| < Clz — y|* + Cly|* | L

< Clz —y|* + Cly|*

Since o > %, we obtain

uﬂm—U@Mscm—ma+cE@TSCW—yw

It remains to note that the inclusion U € H**¢(R?% ) with ¢ > 0, that is |U(z) —
U(y)| < Clz — y|**© is easily checked to be impossible by taking x and y on the
same line: xo = kxy and ys = ky;. O

Corollary 2.7. In the case of quarter-plane with o € (0,1) instead of (2.9) we
have
c
Jez ol@,y) = — (0(@)]* = [0(y)]* +2f — i + a3 —92) +U(x) = Uly)  (2:23)

for all z,y € R2, where U € H*(R?,).

Proof. Equality (2.23) follows immediately from (2.14), (2.18) and Lemma 2.5.
O

3 On the a-property of domains

It is known that the potential of a bounded function on a bounded domain is a-
Holder continuous in 2 (which is a particular case of a Sobolev theorem stating that
12 LP(Q) — H* #(Q), 1 < p < 0o when o <a<2+1,see [16], p. 256; in the
case p = 0o this is Lemma 1.41 in Mikhlin’s book [8], Section 41), thus Jq, € H*(2)
when € is bounded. For completeness of presentation, in the following lemma we
give the proof for the general case, where {2 may be unbounded and include all
x,y € R into the Holder condition, not only z,y € €.

Lemma 3.1. Let Q C R"™ be measurable and o € (0,1). Then

Toalz, )] < cle -yl (3.1)

where ¢ depends on n and «.



Proof. Let 2,y € R", a := i(x +y), and r := 2|z — y|. Then

Toala) = [ fo= s = ly ol s

Q\B(a,r)
+ / |z — 2| dz — / ly — z|* " dz
QNB(a,r) QNB(a,r)

= (I) + (II) — (I1I).

We estimate

2
|(I1)] < / lo — 2" "dz = / |w|a7"dw§§ra§§|:x—y|a.

B(z,2r) B(0,2r)

where ¢ depends on n. By symmetry we conclude
4c o
(D] + (L] < —la —yl™

If z € R"\ B(a,r), then |z — y| = 1r < 1|z — al. So it follows with (2.3).

iz [ eyl < ey
R™\(B(2,r)UB(y,r))
We combine the above estimates to conclude the claim of the lemma. O

Remark 3.2. When 2 is bounded, it is also known that in the case a = 1
estimate (3.1) holds at the least in the form

D
|JTa1(z,y)| <clz—y|ln ﬁ’ D > diam Q, (3.2)
-y

see [16], p. 256.

So the difference of the potential Jq o(x,y) is always Holder continuous on R™ x
R™. However, in the case of the ball, the half-space and the quarter-plane, it follows
from our calculations above that Jg o (z,y) is Lipschitz off the diagonal {(z,z)}. We
explain this below in more detail after the following definition.

Definition 3.3. Let Q@ C R" be a measurable set and o € (0,1) (for bounded
we can take a € (0,1]). We say that Q2 has the a-property, if there exists ¢ > 0 such
that difference of the potential satisfies

|z —y|

(max{d(x), (y)})'~*

for all z,y € Q, where §(x) denotes the distance of x to the boundary OS).

oz, y)| < o fle—yl < smax{(e).0)),  (33)

10



Remark 3.4. In the case 2 = R™ use the convention §(x) = co and % = 0.
Since Jgn o(x,y) = 0, the set R™ has the a-property.

The following lemma provides a sufficient condition for a domain €2 to possess
the a-property, this condition being inspired by calculation of Jg ,(z) for balls, see
(2.6), so that balls satisfy this property.

Lemma 3.5. Let Q C R" be measurable and bounded, and let o € (0,1]. If
Jau(x) has the structure

Joa(z) =c[d(2)]* +g(x), x€Q, (3.4)

where ¢ is a constant and g € Lip(Q?), then the domain §) possesses the a-property.

Proof. Since ¢ is Lipschitz, we have

lg(z) —g(y)| < cle —y| < clz —y| <max?§$%(y)}) _a'

If « =1, then |0(z) — 0(y)| < |z — y|. On the other hand if o € (0, 1), then

b
la® —b*] < /at"_l dt < alb — a| [min {a, b}]*"".

If [z—y| < $max {d(z),d(y)}, then min {§(z),d(y)} > L max {6(z),d(y)}. Therefore
with the previous estimate

e syl < gt 18 = 0] 5(2) — 8(y)
@I = B = 02 S o = 2max (o(2), 3(y) )T

for all z,y € Q. O

In Lemma 3.8 we show that any bounded uniform domain in R" satisfies the
a-property, but first in Lemma 3.6 below we show the same for the case of some
simple unbounded domains.

Lemma 3.6. The half-space R} and the quarter-plane R3 ., satisfy the a-
property, 0 < a < 1.

Proof. The statement for the half-space is seen from Lemma 2.2 proceeding
similarly as in the proof of Lemma 3.5. In the case of a quarter-plane the term
U(x) — U(y) needs a more careful treating, since it is not Lipschitz, see Lemma 2.6.

By symmetry it suffices to check (3.3) in the case

1
lz—y| < D) max{xa, Y2 }. (3.5)

11



After easy evaluations, in the sector 0 < x; < x5 we have

lz* . Cv2

To |:E|1fa’

ou

<
alﬂj _C

j=1,2. (3.6)

Then by the mean value theorem

Ula) = Uly) = (a1 = 30) [ (D)t + (1= ) d

1

+@rwg/@mmm+u—wwm

0

where Dy and D, stand for the first order partial derivatives, we get

dt
z =y

) Ul < =l [

Let xo < yo for definiteness. Then by means of (3.5) we obtain |y + t(z — y)| >
lyl = & —y| > |y| — s max{zs, 32} = y| — % > %, so that

()~ Uy)| < ¢ 2 Y

11—«
2

which completes the proof. O

Definition 3.7. (see [7]) A domain D is called a uniform domain or Jones
domain, if there exists a constant ¢ > 0 such that each pair of points z1,29 € D
can be connected by a rectifiable curve I' in D for which /(I") < ¢|z; — 22| and
min{l(I'y, ), {(Teyy)} < cd(y) for all y € I', where £(I') and /(I'y,,) denote the
length of I' and the length of the subarc I';, , of I' connecting x; and y, respectively.
The smallest constant is called the Jones constant of 2.

The notion of uniform domains was introduced by Jones in [7] in the context
of extensions of Sobolev functions from a domain D to R™. Jones showed, that
for every uniform domain there exists a continuous, linear extension operator from
WHkP(Q) to WEP(R™). The operator is independent of k£ € N and p € [1, 00] as long
k is bounded by some k.

A ball, the half space R and the quarter plane R? | are uniform domains, where
the Jones constant does not depend on the radius of the ball. Also any bounded
Lipschitz domain is uniform. However, uniform domains do not need to have smooth
boundary. In fact the interior of the Koch’s snow flake is a uniform domain. Note
that the boundary of a uniform domain always has measure zero by [7, Lemma 2.3].

Lemma 3.8. Any uniform domain 2 C R™ has the a-property.

12



Proof. Let x,y € Q). Then exists a rectifiable path v from x to y with

I(y) < clr—yl,

3.7
min {1(Vz,.), [(7y,2)} < c20(2) for all z € ~, (3.7)

where [(y) and I(7;.) denotes the length of the path v and the subpath ~, . con-
necting x and z.

Let v be parametrized by its arc length with v(0) = = and ~v(I(y)) = y. Let
B € (0,1) such that (1 — 3)c; < 2. We define

- {7(%5”(7)) for j <0,
T (@ = 480i(y)  forj >0,

Certainly, we have z = lim,_,_ w; and z = lim;_,_,, w;. Moreover, we claim that
for suitable 8 (close to 1) we have

0y — wyen] < 5 max{5(u), 5(uy0)} (3.8)

for all j € Z. By symmetry j <> —7 it suffices to consider the case j > 0. By (3.7)
(for z = w;) and the definition of w; we get

I(v) < alz —yl,
1 .
SN < exd(wy), (3.9)
1 .
(Wi — w;] < 51(7)(1 — )Y
for all j > 0. Therefore, with (1 — 8)cy < % we obtain
1
[wji1 —wj| < (1= B)e2d(wy) < 5 Mmax {0(w;), 0(wjs1)}-

So we can apply (3.1) from Lemma 3.1 to the points w;;; and w;. Since Jq, is
continuous on R", we have for every x,y € ) by telescoping sum

‘JQ,a($,y)| = Z Jo,a(Wjr1,w;)| < Z | a0 (wj+1, wy)]-
JEZ JEL
So with (3.1) and (3.9) we have
Wit — wy

| Joa(z,9)| < ¢ ; a0 (w; 1), 8 (w;) =

< Z %M’Y)ﬁm

2 (i) B

< ezl Y A
JEL

l—a9gl—a .«

cey "2,

S =15 [z —y

| (0%

13



for all z,y € Q. O

Remark 3.9. We already mentioned that a ball B, the half space R” and
the quarter plane R? | are uniform domains. In fact also the complements of those
domains (removing the boundary) R"\ B, R*\R? and R?\RZ, are uniform domains,
where the Jones constant does not depend on the radius of the ball. Therefore,
also the complements satisfy the a-property. As a consequence (3.3) holds for all
z,y € R". At this we use that Jo(z,y) = —Jrma(®,y) = —Jgmg(z,y), since the
boundary of €2 has measure zero, where () is B, R", or Ri +- Note that condition
|z —y| < $max{d(z),d(y)} ensures that either z,y € Q or z,y € R"\ Q. The same

conclusion holds for any uniform domain € if R™ \ Q is also a uniform domain.

4 On mapping properties of the potential opera-
tor in Holder type spaces

Definition 4.1. Let w(f,h) = SUp wwen |f(x) — f(y)| be the modulus of continuity

of a function f € C'(€2). Given a continuous semi-additive function w on [0, diam €],
positive for A > 0, with w(0) = 0, by H*(f2) we denote the space of functions
f € C() with the finite norm

1z =1lfllo@+  sup
o<h< diam @

By Hy (€2) we denote the subspace in H¥(2) of functions f which vanish on the
boundary 0 of €.

Definition 4.2. A non-negative function w(t) is called almost increasing (almost
decreasing) on [0,d],0 < d < oo, if w(t) < Cw(7) for all t < 7 (t > 7, respectively).

Lemma 4.3. Let 0 < a < 1 and Q C R" have the a-property. Let f € HY (),
where the function w(h) has the property that

:1(2)4 is almost decreasing. (4.1)
Then
sup | f (@) [Jaa(w,y)]] < Cwalh)| I, (4.2)

z,y€Q:|z—y|<h

where wy(h) = h®w(h). In particular,

sup ‘f(m)[(]ﬂ,a(xa y)” < Cha+)\”f“HA(Q)7 (43)

z,yeQ:|z—y|<h

when f € HY(Q) and X+ a < 1.
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Proof. Given = € Q, let = be a point of the boundary, such that |x — z| = d(z).
Then we have

[f (@) = [f(z) = f(@)] < Cw(é(@)] S me (4.4)
and
(@) [Jaa(z,9)]] < Cw@@)flle]Joal@,y)l (4.5)
We distinguish the cases 3 max{6(x),0(y)} < |[z—y| and |[z—y| < : max{d(z),d(y)}.
In the first case we have by Lemma 3.1 |Jq o(2z,y)| < C|z — y|* and therefore

[f (@) Jaa(e, )| < Colz —yDle = yI*l| fllae < Cwa(B)Ifllae (46)

for all x,y such that |z — y| < h. In the second case we have |Jqo(2) — Joa(y)| <
C 2vl __ _ Then (4.6), (4.5), and (4.1) yield

(max{d(x),0(y)})

w(6(2))
(o {3(2), S(0) )T
< Ol L= 1l < O ()

‘ ‘l—oz

|f(@)[aalz, )] < Cllfllae

—|z —y|

which completes the proof. O

Theorem 4.5 stated below was obtained in [11], see also an electronic pre-
publication at [12]. In Theorem 3.9 in [11], [12] there was proved a statement
more general than given below: we give its version for the Euclidean setting and
constant «; note that Theorem 3.9 in [11], [12] was stated for bounded domains,
however this restriction was introduced there only because of variable order «(z)
and may be omitted when « is constant).

Definition 4.4. We say that a continuous non-negative function w belongs to
a Zygmund class ®g, > 0, if it is almost increasing and

T () < ur

where ¢ > 0 does not depend on h € (0, g]

Theorem 4.5. Let Q2 be a domain in R", 0 <a<1. Ifw e ®;_, and
Jae € HO(Q), where wq(h) = h®w(h); (4.8)

then the operator I* is bounded from the space H*)(Q) into the space H*1) ().
In [12] this theorem was proved for an open set €2 in a metric measure space X
when the set 2 possesses the cancellation property or condition (4.8) is satisfied.
Domains in R™ do not satisfy this condition. As the above examples of simple do-
mains (balls, half-spaces and quarter-plane) show, condition (4.8) is too restrictive,
being satisfied in fact only under the cancellation property of 2, that is, only when
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) = R"™. Making use of the above arguments, we may avoid condition (4.8) in the
case of domains with a-property.

Theorem 4.6. Let 0 < o < 1 and ) be a domain in R™ with a-property. If
w € Py_,, then the potential operator I is bounded from HY(Q2) to H¥~(2), where
wa(h) = hew(h). In particular, it is bounded from Hy(Q2) to HM(Q) if A+ a < 1.

Proof. The proof in [12] was based on the direct estimation of the continuity
modulus of the potential, see Theorem 3.4 in [12], via the representation

1 1)@) ~ (1) =
= [ - f@ee )~ [ (56 - f@lelw. 2" "du(a)

o(z,z)<2h o(z,z)<2h
+ [ e - s {ele ) - ol )"} du(2)
o(x,z)>2h

+ f(x) / {o(z,2)*™" — oy, 2)* "} dp(z)

=L+ L+ 13+ 1,

As can be seen from the proof of Theorem 3.4 in [12], condition (4.8) was used only
in the term

Iy = f(@)[Jaa(r) = Jaa(y)],

where |x — y| < h. This term is now estimated by means of Lemma 4.3. Note that
condition (4.1) assumed in that lemma follows from the assumption w € ®;_,. This
completes the proof. O

Corollary 4.7. The statement of Theorem 4.6 holds, in particular, for uniform
domains.

Proof. Refer to Lemma 3.8. O

Remark 4.8. For simplicity, we dealt with the case where w(h) does not depend
on z. Since in [12] the general case of w(z, h) was treated, Theorem 4.6 is extended
in the same way to this case. The only changes in the formulation of Theorem 4.6
are that the condition w € ®;_, now should be interpreted as belongness of w(z, h)
to ®,_, in variable h uniformly in z, and we have to write w,(x, h) = h%w(x, h).
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