To appear in J. Math. Analysis and Applic.

Weighted Sobolev theorem with variable exponent for spatial and spherical potential operators, II

S. Samko University of Algarve, Portugal ssamko@ualg.pt ,

E. Shargorodsky King’s College London, UK eugene.shargorodsky@kcl.ac.uk and B.Vakulov Rostov State University, Russia vakulov@math.rsu.ru

Abstract

In [8], Sobolev-type p(·) → q(·)-theorems were proved for the Riesz potential operator I^α in the weighted Lebesgue generalized spaces L^{p(·)}(R^n, ρ) with the variable exponent p(x) and a two-parameter power weight fixed to an arbitrary finite point x_0 and to infinity, under an additional condition relating the weight exponents at x_0 and at infinity. We show in this note that those theorems are valid without this additional condition. Similar theorems for a spherical analogue of the Riesz potential operator in the corresponding weighted spaces L^{p(·)}(S^n, ρ) on the unit sphere S^n in R^{n+1} are also improved in the same way.

Key Words and Phrases: weighted Lebesgue spaces, variable exponent, Riesz potentials, spherical potentials, stereographical projection

AMS Classification 2000: 42B20, 47B38

1. Introduction

We consider the Riesz potential operator

I^αf(x) = ∫ R^n

f(y) |x − y|^{n−α} dy, 0 < α < n, (1.1) in the weighted Lebesgue generalized spaces L^{p(·)}(R^n, ρ) with a variable exponent p(x) defined by the norm

‖f‖_Lp(·)_{(R}n_{,ρ)} = inf { λ > 0 : ∫ R^n

ρ(x) ( |f(x)| λ )_{p(x)}

dx ≤ 1 } , (1.2)

where ρ(x) = ρ_{γ0,γ∞} (x) = |x|^{γ0} (1 + |x|)^{γ∞−γ0} . (1.3) We refer to [5], [6], [4], [3] for the basics of the spaces L^{p(·)} with variable exponent.

We assume that the exponent p(x) satisfies the standard conditions

1 < p_− ≤ p(x) ≤ p_+ < ∞, x ∈ R^n, (1.4)

|p(x) − p(y)| ≤ A ln^1_{|x−y|}

, |x − y| ≤ 1 2 , x, y ∈ R^n, (1.5)

and also the following condition at infinity

|p_∗(x) − p_∗(y)| ≤

A_∞ ln^1_{|x−y|}

, |x − y| ≤ 1 2 , x, y ∈ R^n, (1.6)

where p_∗(x) = p

(_x

|x|^2 ) . Conditions (1.5) and (1.6) taken together are equivalent to the following global condition

|p(x) − p_(y)| ≤ C ln (_2 √_{1+|x|2}√_{1+|y|2}

|x−y|

), x, y ∈ R^n. (1.7)

Let 1 q(x) = 1 p(x) − α n . The following statement was proved in [8].

Theorem 1.1. Under assumptions (1.4), (1.5), (1.6) and the condition

p_+ < n α (1.8)

the operator I^α is bounded from the space L^{p(·)}(R^n, ρ_{γ0,γ∞} ) into the space L^{q(·)}(R^n, ρ_{μ0,μ∞} ), where μ_0 = q(0) p(0) γ_0 and μ_∞ = q(∞) p(∞) γ_∞, (1.9) if αp(0) − n < γ_0 < n[p(0) − 1], αp(∞) − n < γ_∞ < n[p(∞) − 1], (1.10) and the exponents γ_0 and γ_∞ are related to each other by the equality q(0) p(0) γ_0 + q(∞) p(∞) γ_∞ = q(∞) p(∞)

[(n + α)p(∞) − 2n]. (1.11)

The goal of this note is to prove that Theorem 1.1 is valid without the additional condition (1.11). We consider also a similar statement for the spherical potential operators

(K^αf)(x) = ∫ S_n

f(σ) |x − σ|^{n−α} dσ, x ∈ S_n, 0 < α < n, (1.12)

in the corresponding weighted spaces L^{p(·)}(S^n, ρ) on the unit sphere S^n in R^{n+1}.

2. Preliminaries

We need the following theorem for bounded domains proved in [7].

Theorem 2.1. Let Ω be a bounded domain in R^n and x_0 ∈ Ω and let p(x) satisfy conditions (1.4), (1.5) and (1.8) in Ω. Then the following estimate

‖I^αf‖_Lq(·)_{(Ω,|x−x0|}μ_) ≤ C ‖f‖_Lp(·)_{(Ω,|x−x0|}γ_) (2.1)

is valid, if αp(x_0) − n < γ < n[p(x_0) − 1] (2.2) and μ ≥ q(x_0) p(x_0) γ. (2.3)

3. The case of the spatial potential operator

We prove the following theorem

Theorem A. Under assumptions (1.4), (1.5), (1.6) and (1.8), the operator I^α is bounded from the space L^{p(·)}(R^n, ρ_{γ0,γ∞} ) into the space L^{q(·)}(R^n, ρ_{μ0,μ∞} ), where

μ_0 = q(0) p(0) γ_0 and μ_∞ = q(∞) p(∞) γ_∞, (3.1) if αp(0) − n < γ_0 < n[p(0) − 1], αp(∞) − n < γ_∞ < n[p(∞) − 1]. (3.2)

Proof. Let ‖f‖_Lp(·)_{(R}n_{,ρ)} ≤ 1. To estimate the integral ∫ R^n

ρ_{μ0,μ∞} (x)|I^αf(x)|^{q(x)}dx, we split it, as in [8], in the following way ∫ R^n

ρ_{μ0,μ∞} (x)|I^αf(x)|^{q(x)}dx ≤ c (A_{++} + A_{+−} + A_{−+} + A_{−−}) , where

A_{++} = ∫ |x|<1

|x|^{μ0} | | | | ∫ |y|<1

f(y) dy |x − y|^{n−α} | | | |

q(x)

dx, A_{+−} = ∫ |x|<1

|x|^{μ0} | | | | ∫ |y|>1

f(y) dy |x − y|^{n−α} | | | |

q(x) dx,

and

A_{−+} = ∫ |x|>1

|x|^{μ∞} | | | | ∫ |y|<1

f(y) dy |x − y|^{n−α} | | | | q(x)

dx, A_{−−} = ∫ |x|>1

|x|^{μ∞} | | | | ∫ |y|>1

f(y) dy |x − y|^{n−α} | | | | q(x) dx.

The boundedness of the terms A_{++} and A_{−−} was shown in [8] without condition (1.11). So we only have to treat the terms A_{+−} and A_{−+}.

1^0. T h e t e r m A_{−+}. We split A_{−+} as

A_{−+} = A_1 + A_2,

where

A_1 = ∫ 1<|x|<2

|x|^{μ∞} | | | | ∫ |y|<1

f(y) dy |x − y|^{n−α} | | | |

q(x) dx and A_2 = ∫ |x|>2

|x|^{μ∞} | | | | ∫ |y|<1

f(y) dy |x − y|^{n−α} | | | |

q(x) dx. The term

A_1 ≤ C ∫ 1<|x|<2

|x|^{μ0} | | | | ∫ |y|<1

f(y) dy |x − y|^{n−α} | | | |

q(x)

dx ≤ C ∫ |x|<2

|x|^{μ0} | | | | ∫ |y|<2

f(y) dy |x − y|^{n−α} | | | |

q(x) dx

is covered by Theorem 2.1. For the term A_2 we have

|x − y| ≥ |x| − |y| ≥ |x| 2 . Therefore,

A_2 ≤ C ∫ |x|>2

|x|^{μ∞+(α−n)q(x)} ∫ |y|<1

|f(y)| dy

q(x) dx. It follows from condition (1.6) (see also (1.7)) that

|p(x) − p(∞)| ≤ C ln |x|

, |x| ≥ 2 and then the same is valid for q(x), so that

A_2 ≤ C ∫ |x|>2

|x|^{μ∞+(α−n)q(∞)} ∫ |y|<1

|f(y)| dy

q(x) dx.

Observe that ∫

|y|<1

|f(y)| dy ≤ C‖f‖_Lp(·)_{(R}n_{,ρ)}. (3.3)

Indeed, denote g(y) = [ρ(y)]^{− 1p(y)} ; by the Hölder inequality for variable L^{p(·)}-spaces we get ∫ |y|<1

|f(y)| dy = ∫ |y|<1

g(y)[ρ(y)]^{1p(y)} |f(y)| dy

≤ k‖g‖_Lp′(·) ‖ρ^{1p} f‖_Lp(·) = k‖g‖_Lp′(·) ‖f‖_Lp(·)_{(R}n_{,ρ)}. (3.4)

To arrive at (3.3), we have to show that ‖g‖_Lp′(·) < ∞. Under condition (1.4) one has

‖g‖_Lp′(·) < ∞ ⇐⇒ ∫ |y|<1

|g(y)|^{p′(y)}dy < ∞. (3.5)

As is easily seen, the last integral is finite since γ_0 < n[p(0) − 1]. Therefore, from (3.4) there follows (3.3).

Then A_2 ≤ C < ∞ if we take into account that μ_∞ + (α − n)q(∞) < −n under the condition γ_∞ < n[p(∞) − 1].

2^0. T h e t e r m A_{+−} is estimated similarly to A_{−+}: we split A_{+−} as

A_{+−} = A_3 + A_4,

where

A_3 = ∫ |x|<1

|x|^{μ0} | | | | ∫ 1<|y|<2

f(y) dy |x − y|^{n−α} | | | |

q(x) dx and A_4 = ∫ |x|<1

|x|^{μ0} | | | | ∫ |y|>2

f(y) dy |x − y|^{n−α} | | | |

q(x) dx. The term A_3 is covered by Theorem 2.1 similarly to the term A_1 in 1^0. For the term A_4, we have |x − y| ≥ |y| − |x| ≥^{|y|}_2 . Then | | | | ∫ |y|>2

f(y) dy |x − y|^{n−α} | | | | ≤ C ∫ |y|>2

|f(y)| dy |y|^{n−α} = C ∫ |y|>2

|f_0(y)| dy |y|^{n−α+ γ∞p(∞)} where f_0(y) = |y|^{γ∞p(∞)} f(y). It is easily seen that f_0(y) ∈ L^{p(·)}(R^n\B(0, 2)), since [ρ(y)]^{1p(y)} f(y) ∈ L^{p(·)}(R^n) and [ρ(y)]^{1p(y)} ∼ |y|^{γ∞p(∞)} for |y| ≥ 2 under the log-condition at infinity. Hence by the Hölder inequality and the same log-condition at infinity, | | | | ∫ |y|>2

f(y) dy |x − y|^{n−α} | | | | ≤ C_1‖f_0‖_Lp(·)_{(R}n_{\B(0,2))} ‖ ‖|y|^{α−n− γ∞p(∞)} ‖ ‖_{Lp′(·)(Rn\B(0,2))}

≤ C‖f‖_Lp(·)_{(R}n_{,ργ0,γ∞ )} ‖ ‖|y|^{α−n− γ∞p(∞)} ‖ ‖_{Lp′(·)(Rn\B(0,2))} ≤ C ‖ ‖|y|^{α−n− γ∞p(∞)} ‖ ‖_{Lp′(·)(Rn\B(0,2))} ,

where the last norm is finite under the condition αp(∞) − n < γ_∞ (use the argument given in (3.5) ). �

Corollary 3.1. Let 0 < α < n , p(x) satisfy conditions (1.4), (1.5), (1.6) and (1.8). Then the operator I^α is bounded from the space L^{p(·)}(R^n) into the space L^{q(·)}(R^n),^1_{q(x)} =^1_{p(x)} −^α_n .

The statement of the corollary was proved in [1] and [2] under a weaker than (1.6) version of the log-condition at infinity.

4. The case of the spherical potential operator

4.1 The space L^{p(·)}(S^n, ρ)

We consider the weighted space L^{p(·)}(S^n, ρ_{βa,βb} ) with a variable exponent on the unit sphere S^n = {σ ∈ R^{n+1} : |σ| = 1}, defined by the norm

‖f‖_Lp(·)_{(S}n_{,ρβa,βb )} = λ > 0 : ∫ S^n

|σ − a|^{βa} · |σ − b|^{βb} | |f(σ) λ | |^{p(σ)} dσ ≤ 1 ,

where ρ_{βa,βb} (σ) = |σ − a|^{βa} · |σ − b|^{βb} and a ∈ S^n and b ∈ S^n are arbitrary points on S^n, a ≠ b.

We assume that 0 < α < n and

1 < p_− ≤ p(σ) ≤ p_+ < n α , σ ∈ S^n, (4.1)

|p(σ_1) − p(σ_2)| ≤ A ln^3_{|σ1−σ2|}

, σ_1 ∈ S^n, σ_2 ∈ S^n. (4.2)

The following theorem is valid.

Theorem B. Let the function p : S^n −→ [1, ∞) satisfy conditions (4.1) and (4.2). The spherical potential operator K^α is bounded from the space L^{p(·)}(S^n, ρ_{βa,βb} ) with ρ_{βa,βb} (σ) = |σ−a|^{βa} ·|σ−b|^{βb} , where a ∈ S^n and b ∈ S^n are arbitrary points on the unit sphere S^n, a ≠ b, into the space L^{q(·)}(S^n, ρ_{βa,βb} ) with ρ_{νa,νb} (σ) = |σ − a|^{νa} · |σ − b|^{νb} , where^1_{q(σ)} =^1_{p(σ)} −^α_n , and αp(a) − n < β_a < np(a) − n, αp(b) − n < β_b < np(b) − n, (4.3) ν_a = q(a) p(a) β_a, ν_b = q(b) p(b) β_b. (4.4)

This theorem was proved in [8] under the additional assumption that the weight exponents β_a and β_b are related to each other by the connection

q(a) p(a) β_a = q(b) p(b) β_b. (4.5)

Now Theorem B without this condition follows from Theorem A by means of the stereographic projection exactly in the same way as in [8], Section 5.

Corollary 4.1. Under assumptions (4.1) and (4.2), the spherical potential operator K^α is bounded from L^{p(·)}(S^n) into L^{q(·)}(S^n),^1_{q(σ)} =^1_{p(σ)} −^α_n .

References

[1] C. Capone, D. Cruz-Uribe, and A. Fiorenza. The fractional maximal operator on variable L_p spaces. Preprint of Istituto per le Applicazioni del Calcolo ”Mauro Picone” - Sezione di Napoli., (RT 281/04):1–22, 2004.

[2] D. Cruz-Uribe, A. Fiorenza, J.M. Martell, and C Perez. The boundedness of classical operators on variable L^p spaces. Preprint, Universidad Autonoma de Madrid, Departamento de Matematicas, www.uam.es/personal pdi/ciencias/martell/Investigacion/research.html, 2004. 26 pages.

[3] X. Fan, J. Shen, and D. Zhao. Sobolev embedding theorems for spaces W^{k,p(x)}(Ω). J.

Math. Anal. Appl., 262(2):749–760, 2001.

[4] X. Fan and D. Zhao. On the spaces L^{p(x)}(Ω) and W^{m,p(x)}(Ω). J. Math. Anal. Appl., 263(2):424–446, 2001.

[5] O. Kováčik and J. Rákosník. On spaces L^{p(x)} and W^{k,p(x)}. Czechoslovak Math. J., 41(116):592–618, 1991.

[6] S.G. Samko. Convolution and potential type operators in L^{p(x)}. Integr. Transf. and Special Funct., 7(3-4):261–284, 1998.

[7] S.G. Samko. Hardy-Littlewood-Stein-Weiss inequality in the Lebesgue spaces with variable exponent. Frac. Calc. and Appl. Anal, 6(4):421–440, 2003.

[8] S.G. Samko and B.G. Vakulov. Weighted Sobolev theorem with variable exponent for spatial and spherical potential operators. J. Math, Anal. Appl., 310:229–246, 2005.