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íÂÓÂÏ‡ 3 ÓÚÌÓÒËÚÒfl Í ÒÙÂË˜ÂÒÍÓÏÛ ÔÓÚÂÌˆË‡ÎÛ
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1°. éÔÂ‰ÂÎÂÌËfl 

 

óÂÂÁ 

 

L

 

p

 

(

 

·

 

)

 

 (

 

R

 

n

 

, 

 

ρ

 

) Ó·ÓÁÌ‡˜‡ÂÏ ‚ÂÒÓ‚ÓÂ ÔÓÒÚ-
‡ÌÒÚ‚Ó ÙÛÌÍˆËÈ 

 

f

 

(

 

x

 

) Ì‡ 

 

R

 

n

 

 Ú‡ÍËı, ˜ÚÓ 

„‰Â 

 

ρ

 

 – ‚ÂÒÓ‚‡fl ÙÛÌÍˆËfl, ÔË‚flÁ‡ÌÌ‡fl Í Ì‡˜‡ÎÛ ÍÓ-
Ó‰ËÌ‡Ú Ë ·ÂÒÍÓÌÂ˜ÌÓÒÚË: 

‡ 

 

p

 

(

 

x

 

) – ËÁÏÂËÏ‡fl ÙÛÌÍˆËfl Ì‡ 

 

R

 

n

 

 ÒÓ ÁÌ‡˜ÂÌËflÏË ‚
[1, 

 

∞

 

). ùÚÓ ·‡Ì‡ıÓ‚Ó ÔÓÒÚ‡ÌÒÚ‚Ó ÓÚÌÓÒËÚÂÎ¸ÌÓ
ÌÓÏ˚ 

‚ ÔÂ‰ÔÓÎÓÊÂÌËË, ˜ÚÓ 1 

 

≤

 

 

 

p

 

(

 

x

 

) 

 

≤

 

 

 

P

 

 < 

 

∞

 

, 

 

x

 

 

 

∈

 

 

 

R

 

n

 

 (ÒÏ.,
Ì‡ÔËÏÂ, [4] ‚ ÌÂ‚ÂÒÓ‚ÓÏ ÒÎÛ˜‡Â). éÚÌÓÒËÚÂÎ¸ÌÓ

 

p

 

(

 

x

 

) ÔÂ‰ÔÓÎ‡„‡˛ÚÒfl ‚˚ÔÓÎÌÂÌÌ˚ÏË ÒÎÂ‰Û˛˘ËÂ
ÛÒÎÓ‚Ëfl: 

(1)

(2)

ρ x( ) f x( ) p x( ) xd

Rn

∫ ∞,<

ρ x( ) ργ0 γ∞, x( ) x
γ0 1 x+( )

γ∞ γ0–
,= =

f
L

p ·( ) ρ( )
inf λ 0: ρ x( ) f x( )

λ
-------------- 

 
p x( )

xd

Rn

∫ 1≤>
 
 
 

=

1 p0 p x( ) P
n
α
---, x Rn,∈<≤≤<

p x( ) p y( )–
A
1

x y–
--------------ln

--------------------, x y–
1
2
---, x y, Rn,∈≤ ≤

åÄíÖåÄíàäÄ

ÇÖëéÇÄü íÖéêÖåÄ ëéÅéãÖÇÄ Ñãü èêéëíêÄçëíÇÖççõï
à ëîÖêàóÖëäàï èéíÖçñàÄãéÇ Ç èêéëíêÄçëíÇÄï ãÖÅÖÉÄ

ë èÖêÖåÖççõå èéäÄáÄíÖãÖå 
© 2005 „.   Å. É. Ç‡ÍÛÎÓ‚, ë. É. ë‡ÏÍÓ 

èÂ‰ÒÚ‡‚ÎÂÌÓ ‡Í‡‰ÂÏËÍÓÏ ë.å. çËÍÓÎ¸ÒÍËÏ 03.06.2004 „.

èÓÒÚÛÔËÎÓ 20.12.2004 „.

ìÑä 517.518

êÓÒÚÓ‚ÒÍËÈ ÛÌË‚ÂÒËÚÂÚ, êÓÒÚÓ‚-Ì‡-ÑÓÌÛ
Universidade do Algarve, Portugal



2

ÑéäãÄÑõ ÄäÄÑÖåàà çÄìä      ÚÓÏ 403      ‹ 1    2005

Ç‡ÍÛÎÓ‚, ë‡ÏÍÓ

Ë ‡Ì‡ÎÓ„Ë˜ÌÓÂ ÛÒÎÓ‚ËÂ Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË, Ú.Â. 

(3)

„‰Â p∗ (x) = p . 

2°. ÇëèéåéÉÄíÖãúçõÖ êÖáìãúíÄíõ 

èÛÒÚ¸ q(x) – ÔÂ‰ÂÎ¸Ì˚È ÒÓ·ÓÎÂ‚ÒÍËÈ ÔÓÍ‡Á‡-

ÚÂÎ¸  =  – . èÓÒÍÓÎ¸ÍÛ maxp(x) < , ÚÓ

q(x) Ú‡ÍÊÂ Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚ËflÏ (1)–(3) Ë ÛÒÎÓ-
‚Ë˛ 1 < minq(x) ≤ maxq(x) < ∞. ÇÂÒÓ‚‡fl p(·) → q(·)-
ÓˆÂÌÍ‡ ‰Îfl ÓÔÂ‡ÚÓ‡ Iα ÔÓ Ó„‡ÌË˜ÂÌÌÓÈ Ó·Î‡ÒÚË
‰ÓÍ‡Á‡Ì‡ ‚ [5]. àÏÂÌÌÓ, ÒÔ‡‚Â‰ÎË‚‡ ÒÎÂ‰Û˛˘‡fl

í Â Ó  Â Ï ‡  1. èÛÒÚ¸ Ω – Ó„‡ÌË˜ÂÌÌ‡fl Ó·-
Î‡ÒÚ¸ ‚ Rn, x0 ∈   Ë p(x) Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚Ë-
flÏ (1), (2) ‚ Ω. íÓ„‰‡ 
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3°. éÒÌÓ‚ÌÓÈ ÂÁÛÎ¸Ú‡Ú 
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4°. ëïÖåÄ ÑéäÄáÄíÖãúëíÇÄ 

é·ÓÁÌ‡˜ËÏ 

çÛÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ (Iαϕ) ≤ c < ∞ ‰Îfl ‚ÒÂı ϕ

Ú‡ÍËı, ˜ÚÓ (ϕ) ≤ 1, „‰Â c > 0 ÌÂ Á‡‚ËÒËÚ ÓÚ ϕ. 

èÛÒÚ¸ B+ = {x ∈  Rn: |x| < 1} Ë B– = {x ∈  Rn: |x| > 1}.
í‡Í Í‡Í q(x) – Ó„‡ÌË˜ÂÌÌ‡fl ÙÛÌÍˆËfl, ÚÓ ‰ÓÒÚ‡-
ÚÓ˜ÌÓ ÓˆÂÌËÚ¸ ‚ÂÎË˜ËÌ˚ 

éÚÏÂÚËÏ, ˜ÚÓ ÛÒÎÓ‚ËÂ (4) ËÒÔÓÎ¸ÁÛÂÚÒfl ÚÓÎ¸ÍÓ
ÔË ÓˆÂÌÍÂ ˜ÎÂÌÓ‚ A+– Ë A–+. 
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ÇÖëéÇÄü íÖéêÖåÄ ëéÅéãÖÇÄ 3

„‰Â q∗ (x) = q(x∗ ) = q . Ç ÒËÎÛ ÎÂÏÏ˚ 1 ÔÓÎÛ˜‡ÂÏ 

éÚÒ˛‰‡ 

„‰Â µ1 = (n – α)q(∞) – 2n – µ∞ Ë ψ(y) = |y|–n – αϕ .

ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ 

ÔË ‚˚·ÓÂ γ1 = (n + α)p(∞) – 2n – γ∞ Ë ˜ÚÓ αp∗ (0) –

– n < γ1 < n[p∗ (0) – 1] Ë µ1 = γ1. èÓ˝ÚÓÏÛ ÔË-

ÏÂÌËÏ‡ ÚÂÓÂÏ‡ 1. 

é ˆ Â Ì Í ‡  ‰ Î fl  A–+. èÓÒÎÂ Á‡ÏÂÌ˚ ÔÂÂÏÂÌ-
ÌÓÈ x → x∗  ÔÓÎÛ˜‡ÂÏ 

„‰Â h(x) = . á‡ÏÂÚËÏ, ˜ÚÓ |x|· |x∗  –

– y| ≥ |x – y| Ë |x| · |x∗  – y| ≥ 1 – |x|. èÛÒÚ¸ E1 = {x ∈  B+:
q∗ (x) ≤ q(x)} Ë E2 = {x ∈ B+: q∗ (x) ≥ q(x)}. éˆÂÌÍ‡ ËÌ-
ÚÂ„‡Î‡ A–+ ÔÓ x ∈  E1 ÎÂ„Í‡ ‚‚Ë‰Û ÔflÏÓÈ ‚ÓÁÏÓÊ-
ÌÓÒÚË ÔÂÂÈÚË ÓÚ ÔÓÍ‡Á‡ÚÂÎfl q∗ (x) Í ÔÓÍ‡Á‡ÚÂÎ˛
q(x). èË ËÌÚÂ„ËÓ‚‡ÌËË ÔÓ E2 ‰ÓÒÚ‡ÚÓ˜ÌÓ ‡Ò-

ÒÏÓÚÂÚ¸ ÒÎÛ˜‡È, ÍÓ„‰‡ |x| ≥ , Ú‡Í Í‡Í |x| · |x∗  – y| ≥

≥  ÔË |x| ≤ . Ç ÓÒÚ‡‚¯ÂÏÒfl ÒÎÛ˜‡Â ËÏÂÂÏ

h(x)  < ∞, ÔÓÒÍÓÎ¸ÍÛ Ë ÚÓ„‰‡ |h(x)| ≤

≤ (1 – |x|)α – n ϕ(t)| = c(1 – |x|)α – n Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, 
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sup |q*
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e
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èÓ˝ÚÓÏÛ

˜ÚÓ ‰‡ÂÚ ‚ÓÁÏÓÊÌÓÒÚ¸ ÔËÏÂÌËÚ¸ ÚÂÓÂÏÛ 1, ‰Îfl

˜Â„Ó, Ó‰Ì‡ÍÓ, ÚÂ·ÛÂÚÒfl, ˜ÚÓ·˚ µ1 ≥ µ0 = γ1,

Ú.Â. µ0 + µ∞ ≤ (n – α)q(∞) – 2n ËÎË 

(5)

èËÏÂÌÂÌËÂ ÚÂÓÂÏ˚ 1 Á‡‚Â¯‡ÂÚ ÔÓÎÛ˜ÂÌËÂ
ÓˆÂÌÍË ‰Îfl A–+. 

é ˆ Â Ì Í ‡  ‰ Î fl  A+–. èÓÎÛ˜ÂÌËÂ ˝ÚÓÈ ÓˆÂÌÍË
ÒËÏÏÂÚË˜ÌÓ, ÓÚÏÂÚËÏ ÎË¯¸, ˜ÚÓ ÔÓÒÎÂ ÔÂÓ·‡-
ÁÓ‚‡ÌËfl 

„‰Â ψ(y) = |y|–n – ϕ(y∗ ) ∈  (B+, ) Ú‡ ÊÂ ÙÛÌÍ-
ˆËfl, ˜ÚÓ Ë ‚˚¯Â, Ï˚ ÚÂÔÂ¸ ‰ÓÎÊÌ˚ ÔÂÂÈÚË ÓÚ

ÔÓÍ‡Á‡ÚÂÎfl q(x) Í ÔÓÍ‡Á‡ÚÂÎ˛ q∗ (x) = .

ùÚÓ ‰ÂÎ‡ÂÚÒfl ÒËÏÏÂÚË˜ÌÓ ÔÂ‰˚‰Û˘ÂÏÛ ÒÎÛ˜‡˛
Ò ‡ÁÎË˜ÂÌËÂÏ ÒÎÛ˜‡Â‚ q(x) ≤ q∗ (x) Ë q(x) ≥ q∗ (x).
èË ÔËÏÂÌÂÌËË ÚÂÓÂÏ˚ 1 ÌÂÓ·ıÓ‰ËÏÓ, ˜ÚÓ·˚

µ0 ≤ γ1 = γ1, ˜ÚÓ ‰‡ÂÚ ÌÂ‡‚ÂÌÒÚ‚Ó ‰Îfl

ÔÓÍ‡Á‡ÚÂÎÂÈ, Ó·‡ÚÌÓÂ Í (5), ‡ ËÏÂÌÌÓ 

Ë ‚ÏÂÒÚÂ Ò (5) ÔË‚Ó‰ËÚ Í ÛÒÎÓ‚Ë˛ (4). 
ë Î Â ‰ Ò Ú ‚ Ë Â. èÛÒÚ¸ 0 < α < n, p(x) Û‰Ó‚ÎÂ-

Ú‚ÓflÂÚ ÛÒÎÓ‚ËflÏ (1)–(3) Ë ÔÛÒÚ¸ p(∞) = .

éÔÂ‡ÚÓ Iα Ó„‡ÌË˜ÂÌ ËÁ ÔÓÒÚ‡ÌÒÚ‚‡ Lp(·)(Rn)

‚ ÔÓÒÚ‡ÌÒÚ‚Ó Lq(·)(Rn),  =  – . 

5°. íÖéêÖåÄ é p(·) → q(·) éñÖçäÖ
Ñãü ëîÖêàóÖëäéÉé èéíÖçñàÄãÄ 

ëÚÂÂÓ„‡ÙË˜ÂÒÍ‡fl ÔÓÂÍˆËfl ξ = s(x) = {s1(x),
s2(x), …, sn + 1(x)} ÔÓÒÚ‡ÌÒÚ‚‡ Rn = {x ∈  Rn + 1: xn + 1 =
= 0} Ì‡ ÒÙÂÛ Sn ⊂  Rn + 1 ‰‡ÂÚÒfl ÙÓÏÛÎ‡ÏË [6, p. 35] 

A–+ c x
µ1 ϕ y( ) dy

x x* y–⋅( )n α–
-----------------------------------------

B+

∫ 
 
  q x( )

x ≤d

B+

∫≤

≤ c x
µ1 ϕ y( ) dy

x y–( )n α–
---------------------------

B+

∫ 
 
  q x( )

x,d

B+

∫

q 0( )
p 0( )
-----------

q 0( )
p 0( )
-----------γ0

q ∞( )
p ∞( )
------------γ∞+

q ∞( )
p ∞( )
------------ n α+( )p ∞( ) 2n–[ ] .≤

A+– x
µ0 ψ y( ) yd

y x y*–⋅( )n α–
----------------------------------------

B+

∫
q x( )

B+

∫ dx,=

L
p* ·( )

x
γ1

n p* x( )
n α p* x( )–
---------------------------

q* 0( )
p* 0( )
-------------- q ∞( )

p ∞( )
------------

q 0( )
p 0( )
-----------γ0

q ∞( )
p ∞( )
------------γ∞

q ∞( )
p ∞( )
------------ n α+( )p ∞( ) 2n–[ ] ,≥+

2n
n α+
-------------

1
q x( )
----------- 1

p x( )
----------- α

n
---
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Ç‡ÍÛÎÓ‚, ë‡ÏÍÓ

„‰Â |x| = . îÓÏÛÎ˚ 

„‰Â ξ = s(x) Ë σ = s(y), x, y ∈  Rn + 1 Ë en + 1 = (0, 0, …,
0, 1), ‰‡˛Ú Ò‚flÁ¸ ÏÂÊ‰Û ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Ï Ë ÒÙÂ-
Ë˜ÂÒÍËÏ ÔÓÚÂÌˆË‡Î‡ÏË: 

„‰Â ϕ∗ (σ) = , Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏË

ÔÓÒÚ‡ÌÒÚ‚‡ÏË: 

„‰Â β+ = –γ∞ + (n + α)p(∞) – 2n, β– = γ0. 

ã Â Ï Ï ‡  3. èÓÒÚ‡ÌÒÚ‚ÂÌÌ˚È ÔÓÍ‡Á‡ÚÂÎ¸
p(x) Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÎÓÍ‡Î¸ÌÓÏÛ ÎÓ„‡ËÙÏË˜ÂÒ-
ÍÓÏÛ ÛÒÎÓ‚Ë˛ Ë ÎÓ„‡ËÙÏË˜ÂÒÍÓÏÛ ÛÒÎÓ‚Ë˛ Ì‡
·ÂÒÍÓÌÂ˜ÌÓÒÚË ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡

sk x( )
2xk

1 x 2+
-----------------, k 1 2 … n,, , ,= =

sn 1+ x( ) x 2 1–

x 2 1–
----------------,=

x1
2 x2

2 … xn 1+
2

+ + +

x
ξ en 1++
ξ en 1+–

----------------------, 1 x 2+
2

ξ en 1+–
----------------------,= =

x y–
2 σ ξ–

σ en 1+– ξ en 1++⋅
--------------------------------------------------, dy

2ndσ
σ en 1+– 2n
---------------------------,= =

ξ σ–
2 x y–

1 x 2+ 1 y 2+
-------------------------------------------, dσ 2ndy

1 y 2+( )n
------------------------,= =

ξ en 1+–
2

1 x 2+
---------------------, ξ en 1++

2 x

1 x 2+
---------------------,= =

ϕ y( )dy

x y– n α–
----------------------

Rn

∫ 2α ϕ* σ( ) σd

ξ σ– n α–
-----------------------,

Sn

∫=

ϕ s 1– σ( )[ ]
σ en 1+–[ ] n α+

---------------------------------

y
γ0

Rn

∫ 1 y+( )
γ∞ γ0–

ϕ y( ) p y( ) ∼⋅

∼ σ en 1+–
β+ σ en 1++

β–⋅ ϕ* σ( ) p̃ σ( ) σ,d

S
n

∫

(σ) = p[s–1(σ)] Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÎÓ„‡ËÙÏË˜ÂÒÍÓ-
ÏÛ ÛÒÎÓ‚Ë˛ Ì‡ ÒÙÂÂ. 

èÛÒÚ¸ ÚÂÔÂ¸ p = p(σ) – Á‡‰‡ÌÌ‡fl Ì‡ ÒÙÂÂ Sn

ÙÛÌÍˆËfl, Û‰Ó‚ÎÂÚ‚Ófl˛˘‡fl ÛÒÎÓ‚ËflÏ 1 < p0 ≤ p(σ) ≤

≤ P < , σ ∈  Sn, |p(σ1) – p(σ2)| ≤ , σ1 ∈  Sn,

σ2 ∈  Sn. 
í Â Ó  Â Ï ‡  3. ëÙÂË˜ÂÒÍËÈ ÓÔÂ‡ÚÓ ÚËÔ‡

ÔÓÚÂÌˆË‡Î‡ (2) Ó„‡ÌË˜ÂÌ ËÁ ÔÓÒÚ‡ÌÒÚ‚‡ 

„‰Â a Ë b – ÔÓËÁ‚ÓÎ¸Ì˚Â ÚÓ˜ÍË Ì‡ ÒÙÂÂ Sn, ‚ ÔÓ-
ÒÚ‡ÌÒÚ‚Ó 

„‰Â αp(a) – n < βa < np(a) – n, αp(b) – n < βb < np(b) – n,

νa = βa, νb = βb Ë βa = βb. 

á ‡ Ï Â ˜ ‡ Ì Ë Â. ÑÓÔÛÒÍ‡ÂÚÒfl ÌÂ‚ÂÒÓ‚ÓÈ ÒÎÛ˜‡È
βa = βb = νa = νb = 0. 
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p̃

n
α
--- A

3
σ1 σ2–
--------------------ln

--------------------------

ϕ : σ a–
βa σ b–

βb ϕ σ( ) p σ( )dσ⋅
S

n

∫ ∞<
 
 
 

,

f : σ a–
νa σ b–

νb f σ( ) q σ( )⋅ σd

S
n

∫ ∞<
 
 
 

,

1
q σ( )
----------- 1

p σ( )
------------

α
n
---,–=

q a( )
p a( )
----------- q b( )

p b( )
----------- q a( )

p a( )
----------- q b( )

p b( )
-----------


