Inversion and characterization of Riesz potentials in weighted spaces via approximative inverse operators

Vladimir A.Nogin and Stefan G.Samko

Proceedings A. Razmadze Math Institute Tbilisi, 2002, v.129, 99-106

Abstract

Within the framework of the method of approximative inverse operators, the inversion of the Riesz potential operator I^αφ is constructed in the case of densities φ in weighted spaces L_p(ρ) with the Muckenhoupt-Wheeden A_{p,q}-weight functions ρ(x). The range I^α[L_p(ρ)] also is described in terms of the approximative inverse operators.

1 Introduction Let I^αφ = 1 γ_n(α) � R^n

φ(t) |x − t|^{n−α}

, 0 < Reα < n (1.1)

be the well known Riesz potential operator. We consider it in the weighted spaces L_p(ρ), where the weight ρ(x) belongs to the Muckenhoupt-Wheeden class A_{p,q}. As is known, the operator inverse to I^α within the framework of L_p-densities φ can be constructed in the form of hypersingular integral

D^αf = lim_{ε→0} 1 d_{n,l}(α) � |t|>ε

(Δ^l_tf)(x) |t|^{n+α} dt

at least for real α. The range I^α(L_p) also can be described in terms of the operator D^α (see [9-13; 15, Sections 2 and 7; 16, §25-26]). In the papers [5-6] (see also the book [15], Ch. 7) there may be found a generalization of these results to weighted spaces L_p(ρ), ρ(x) ∈ A_{p,q}.

We also note, that hypersingular integrals of the form

D^α_Ωf = � R^n

(Δ^l_tf)(x) |t|^{n+α}

Ω(t)dt

are also known to be an effective tool for inverting the generalized Riesz potentials

K^α_θ φ = � R^n

θ(x − t) |x − y|^{n−α} φ(t)dt, 0 < Reα < n,

in the elliptic case, when the symbol of the operator K^α_θ does not vanish in R^n \ {0} (we refer to the books [15, Section 8; 16, Chapter 5] and surveying paper [12]).

Recently, an alternative method of inversion, known as the method of approximative inverse operators (AIO), was developed. This method proved to be effective in non-elliptic cases, when the method of hypersingular integrals in its direct form does not work well or does not work at all (see the surveying papers [7,8]). Within the framework of AIO’s method the inverse operator is constructed as the limit of a sequence of convolutions with integrable kernels.

The AIO’s method was also applied for inverting some potentials in the elliptic case. In particular, in the case of operator (1.1), a general approach was developed in [13] (see also [14]). Within the framework of this approach the inversion is constructed in the form T^αf = lim_{ε→0} T^α_ε f, (1.2)

T^α_ε f = ε^{−α} � R^n

q_α(y)f(x − εy)dy,

where ^q_α(ξ) = |ξ|^α^k(ξ) (1.3)

k(x) being any fixed averaging kernel, that is, � R^n

k(y) dy = 1, (1.4)

satisfying some general assumption, namely

k(y) ∈ L_1(R^n) � I^α(L_1) (1.5)

and which can be chosen by our will. We note that the relation (1.3) means that, q_α = D^αk.

Our goal in this paper is to develop the technique of approximative inverse operators for the same purposes in the case of weighted spaces L_p(ρ), ρ(x) ∈ A_{p,q}.

2 Preliminaries

We shall use the following notation: < f, ω >= � R^n

f(x)ω(x)dx; ^f(ξ) = � R^n

f(t)e^{iξ·t}dt is the Fourier transform of a function f; (F^{−1}f)(x) = f̃(x) =^1_{(2π)n} � R^n

f(ξ)e^{−ix·ξ}dξ is the inverse Fourier transform; L_p(ρ) = � f(x) : � R^n

ρ(x)|f(x)|^pdx < ∞ � , 1 ≤ p < ∞; S is the Schwartz class of rapidly decreasing smooth functions; Ψ = {ψ ∈ S : (D^kψ)(0) = 0, |k| = 0, 1, ...} is the Lizorkin class; Φ = {φ ∈ S : ^ϕ ∈ Ψ} is its Fourier dual (see [1,2]). The class Φ is invariant with respect to the Riesz potential I^α.

Let A_p be the Muckenhoupt class (see [3]) of weight ρ(x), satisfying the condition 1 |Q| � Q ρ(x)dx � � 1 |Q| � Q ρ^{− 1p−1} (x)dx � � p−1 ≤ c < ∞,

1 < p < ∞, then A_{p,q} ⊂ A_p. We need the imbedding L_p(ρ) ⊂ L_1((1 + |x|)^{−n}), ρ(x) ∈ A_p (2.1) (see [5]) and the evident relation ρ^{− 1p−1} (x) ∈ A_p′ , if ρ(x) ∈ A_p. (2.2) We shall also use the weighted Hölder inequality � R^n

|f(x)g(x)|dx ≤ ‖f‖_{Lp(ρ)}‖g‖_{Lp′ (ρ1−p}′_) (2.3)

(see [16], formula (1.38)).

The end of proof is denoted by �.

3 The main results

Let A_{p,q} be the class of weights ρ(x), satisfying the following condition � � 1 |Q| � Q ρ^{qp} (x)dx � � p q � � 1 |Q| � Q ρ^{− 1p−1} x)dx � � p−1 ≤ c < ∞,

1 < p < ∞, 1 < q < ∞, where Q is an arbitrary n-dimensional cube, |Q| being its measure (see [4]).

Assumption on the choice of the identity approximation kernel. In what follows, k(x) is any kernel, satisfying condition (1.4), such that k(x) itself and the corresponding kernel q_α(x) defined in (1.3) via Fourier transform, admit radial non-increasing integrable dominants (we note that the relation (1.5) is valid under these assumptions).

As an example of the kernel, satisfying the above assumption, one can take the kernel, defoned via Fourier transforms by

^k(ξ) = e^{−|ξ|}

so that k(x) = P (x, 1), where P (x, t) is the Poisson kernel and then

q_α(x) =

Γ(n + α) 2^{n−1}π^n2 Γ(^n_2 ) F � n + α 2 , n + α + 1 2 ; n 2 ; −|x|^2 � , (3.1)

where F (a, b; c; z) is the Gauss hypergeometric function, see [13, 17].

Another example given below has an advantage in the sense that both k(x) and q_α(x) are elementary functions:

q_α(x) =

(−1)^m γ_n(2m − α)

Δ^m � 1 (1 + |x|^2)^{n+α}2^{−m} � , (3.2)

where m is an integer such that 2m > α. This kernel is preferable because is much simpler in comparison with (3.1). The kernel (3.2) corresponds to the averaging kernel

k(x) = c (1 + |x|^2)^{m+ n−α}2

, c = Γ � m +^{n−α}_2 � π^n2 Γ � m −^α_2 �, see details in [16,17].

The following two statements adjoin to Theorems 7.35 and 7.36 in [15] where α was real and instead of the approximative operator T^α there was used the hypersingular operator D^α. It is supposed that the operator T^α is defined by any kernel k(x) satisfying the above Assumption on identity approximation kernel.

Theorem 3.1. Let f = I^αφ, 0 < Reα < n, φ ∈ L_p(ρ), ρ(x) ∈ A_{p,q}, 1 < p < n/Reα,^1_q =^1_p −^{Reα}_n . Then T^αI^αφ = φ, (3.3)

where T^α is the operator (1.2) with the kernel q_α(x) of the form (1.3)), the limit in (1.2) being taken in the L_p(ρ)-norm or almost everywhere.

The next theorem gives a description of the range I^α[L_p(ρ)].

Theorem 3.2. Let α and ρ(x) be the same as in Theorem (3.1.). A function f(x) belongs to the space I^α[L_p(ρ)] if and only if

1) f(x) ∈ L_q(ρ^{qp} );

2) one of the following conditions is fulfilled:

a) T^αf ∈ L_p(ρ), where T^α is operator (1.2) with the limit in (1.2) taken in the L_p(ρ)-norm,

b) sup_{ε>0} ‖T^α_ε f‖_{Lp(ρ)} < ∞.

4 Some auxiliary statements

The following statements play an important role in the proof of Theorems 3.1. and 3.2..

Theorem 4.1. ([4]). Let 0 < α < n and ρ(x) ∈ A_{p,q}, p < n/α,^1_q =^1_p −^α_n . Then the operator I^α is bounded from L_p(ρ) into L_q(ρ^{qp} ).

Denote k_ε(x) = ε^{−n}k(x/ε).

Theorem 4.2. ([5; 15, Theorem 7.31]) a) Let k(x) have a non-increasing radial dominant b(|x|) ∈ L_1 and f ∈ L_p(ρ), ρ(x) ∈ A_p. Then sup_{ε>0} |(k_ε ∗ f)(x)| ≤ c‖b‖_1(Mf)(x), (4.1)

where (Mf)(x) is the Hardy-Littlewood maximal function.

b) If in addition � R^n

k(x)dx = 1, then

(k_ε ∗ f)(x) → f(x) as ε → 0 in the L_p(ρ)-norm and almost everywhere.

Theorem 4.3. The Lizorkin class Φ is dense in L_p(ρ), ρ(x) ∈ A_p.

Theorem 4.3, which is of special interest itself, was proved in [15], Theorem 7.34. Here we give another proof based on the estimate (4.1).

Since the class C^∞_0 is dense in L_p(ρ), ρ(x) ∈ A_p (see [15], Theorem 7.32), it suffices to approximate a function f ∈ C^∞_0 in the norm of L_p(ρ) by functions in Φ. Let

ψ_N (ξ) = μ(N|ξ|) ^f(ξ), where μ(r) ∈ C^∞([0, ∞)) is such that μ(r) = 1 for r ≥ 2, μ(r) = 0 for r ≤ 1 and 0 ≤ μ(r) ≤ 1. We set f_N (x) = ~ψ_N (x) (then f_N ∈ Φ) and represent f_N (x) as follows: f_N (x) = f(x) − (K_N f)(x),

(K_N f)(x) = � R^n

k(|t|)f(x − Nt)dt, where k(|t|) = F^{−1}(1 − μ(|ξ|))(t). It remains to prove that

lim_{N→∞} � R^n

ρ(x)|(K_N f)(x)|^pdx = 0. (4.2)

The equality (4.2) is justified by the application of Lebesgue dominated theorem, which is applicable in view of (4.1) due to the fact, that the operator M is bounded in L_p(ρ), ρ(x) ∈ A_p (see [3]); the relation (K_N f)(x) → 0, x ∈ R^n as N → ∞ is evident. �

5 Proof of the main results

5.1 Proof of Theorem 3.1

We base ourselves on the equality

(T^α_ε I^αφ)(x) = 1 ε^n k �x ε � ∗ φ, (5.1)

ϕ ∈ L_p(ρ), ρ(x) ∈ A_{p,q}. This equality is verified via Fourier transform for φ ∈ Φ. It is extended by boundedness to the whole L_p(ρ) by virtue of Theorem 4.3, since the operators on both sides of (5.1) are bounded from L_p(ρ) into L_q(ρ^{qp} ). This is evident for the operator on the right-hand side. Boundedness of the operator T^α_ε I^α follows from Theorem 4.1 and the fact, that T^α_ε is bounded in L_q(ρ^{qp} ) (we observe that ρ^{qp} (x) ∈ A_q). The last statement follows from (4.1) (in view of our assumption on q_α(x)). It remains to pass to the limit as ε → 0 in (5.1), in the L_p(ρ)-norm or almost everywhere, which is possible by the statement b) of Theorem 4.2. As a result, we arrive at (3.1). �

5.2 Proof of Theorem 3.2

The ”only if” part of Theorem 3.2 follows from Theorem 4.1 and the equality (5.1). Passing to the ”if” part, first, we consider the part a), that is, we assume that f ∈ L_q(ρ^{qp} ) and T^αf ∈ L_p(ρ), the limit in (1.2) being understood in the norm of L_p(ρ). For ω ∈ Φ we have

< I^αT^αf, ω >=< T^αf, I^αω >=

=<^{(Lp(ρ))}lim_{ε→0} T^α_ε f, I^αω >= lim_{ε→0} < T^α_ε f, I^αω >=

= lim_{ε→0} < f, T^α_ε I^αω >= lim_{ε→0} < f, 1 ε^n k( x ε ) ∗ ω >=< f, ω > . (5.2)

The third of these equalities follows from the fact, that the convergence in L_p(ρ) implies that in the space of distributions Φ^′ . The fourth equality is justified by Fubini theorem, applicable in view of (2.3). The last equality is justified with the aid of (2.3).

Thus, we arrived at the formula

< f, ω >=< I^αT^αf, ω >, ω ∈ Φ. (5.3)

Since two locally integrable functions (in S^′ ), which agree as Φ^′ -distributions, may differ from each other only by a polynomial, we obtain

f(x) = (I^αT^αf)(x) + P (x),

where P (x) is a polynomial. But because of (2.1) we have P (x) ≡ 0.

Let now f ∈ L_q(ρ^{qp} ) and sup_{ε>0} ‖T^α_ε f‖_{Lp(ρ)} < ∞. Making use of weak compactness of the space L_p(ρ), p > 1, we choose such a sequence T^α_{εk} f that

w −^{(Lp(ρ))}lim_{εk→0} T^α_{εk} f = φ ∈ L_p(ρ),

where the symbol w −^{(Lp(ρ))}lim denotes the weak limit in L_p(ρ). Replacing^{(Lp(ρ))}lim by

w −^{(Lp(ρ))}lim in the chain of equalities (5.2), we also arrive at (5.3). As above, we derive from here that f(x) = (I^αT^αf)(x). �

Acknowledgements. This work has been partially supported by Russian Fund of Fundamental Investigations under Grant 00-01-00046a.

References

References

[1] Lizorkin P.I., Generalized Liouville differentiation and the multiplier method in the theory of imbeddings of classes of differentiable functions. Trudy Mat. Inst. Steklov 105 (1969), 89-167.

[2] Lizorkin P.I., Operators connected with fractional differentiation and classes of differentiable functions (In Russian). Trudy Mat. Inst. Steklov 117 (1972), 212-243.

[3] Muckenhoupt B., Weighted norm inequalities for the Hardy maximal function, Trans. Amer. Math. Soc. 165 (1972), 207-266.

[4] Muckenhoupt B., Wheeden R.L., Weighted norm inequalities for fractional integrals, Trans. Amer. Math. Soc. 192 (1974), 261-274.

[5] Nogin V.A., Weighted spaces L^α_{p,r}(ρ_1, ρ_2) of differentiable functions of fractional smoothness (In Russian), Matem. Sbornik 131, No.2 (1986), 213-224.

[6] Nogin V.A., Samko S.G., Inversion and characterization of Riesz potentials with densities in weighted L_p-spaces (In Russian), Izv. vuzov. Matematika No.1 (1985), 70-72.

[7] Nogin V.A., Samko S.G., Method of approximating inverse operators and its applications to the inversion of potential-type integral transforms. Integral Transforms and Special Functions 8, No.1-2 (1999), 89-104.

[8] Nogin V.A., Samko S.G., Some applications of potentials and approximative inverse operators in multi-dimensional fractional calculus. Fractional Calculus & Applied Analysis 2, No.2 (1999), 205-228.

[9] Samko S.G., On the spaces of Riesz potentials (In Russian). Izv. Akad. Nauk SSSR. Ser. Matem. 40, No.5 (1976), 1143-1172.

[10] Samko S.G., Spaces L^α_{p,r}(R^n) and hypersingular integrals (In Russian), Stud.

Math. 61, No.3 (1977), 193-230.

[11] Samko S.G., On the characterization of the range I^α(L_p) of fractional integrals (Riesz potentials) (In Russian). Izv. Akad. Nauk Arm. SSR 12, No. 5 (1977), 329-334.

[12] Samko S.G., Inversion theorems for potential-type integral transforms in R^n and on S^{n−1}. Integral Transforms and Special Functions 1, No 2 (1993), 145-163.

[13] Samko S.G., A new approach to the inversion of the Riesz potential operator.

Fractional Calculus & Applied Analysis 1, No.3 (1998), 225-245.

[14] Samko S.G., Some remarks to the author’s paper ”A new approach to the inversion of the Riesz potential operator”. Fractional Calculus & Applied Analysis 2, No.1 (1999), 63-66.

[15] Samko S.G., Hypersingular Integrals and Their Applications. In: International Series ”Analytical Methods and Special Functions” vol.5, Taylor & Francis , London-New-York (2002).

[16] Samko S.G., Kilbas A.A., Marichev O.I., Fractional Integrals and Derivatives.

Theory and Applications. Gordon & Breach. Sci. Publ., London - New-York (1993).

[17] Zavolzhenskii M.M., Nogin V.A., Approximative approach to the inversion of the generalized Riesz potentials. Dokl. Akad. Nauk 324, No. 4 (1992), 738-741.

Vladimir A. Nogin Rostov State University Departament of Math and Mech ul. Zorge, 5 Rostov-na-Donu, 344104 Russia e-mail: vnogin@ns.math.rsu.ru

Stefan G. Samko Universidade do Algarve Unidade do Ciencias Exactas e Humanas Campus de Gambelas Faro 8000, PORTUGAL e-mail: ssamko:ualg.pt